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Abstract

We consider irreversible investment problems with regime switching feature under a monopoly
setting. Several parameters describing the economic environment vary according to a regime
switching with general number of states. We present the derivation of the value function via
solving a system of simultaneous ordinary differential equations with knowledge of linear algebra.
It is found that the value function is represented by the eigenvalues and the eigenvectors of a
coefficient matrix. Furthermore, we obtain an analytical expression of an expectation of a payoff at
the first passage time to the stop region by applying the Dirichlet problem and the aforementioned
technique. The detailed derivation is provided for the case of two regimes. These results will help
us to deepen our understanding of the investment problem.
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1 Introduction

We consider irreversible investment problems with regime switching feature under a monopoly
setting. Several parameters describing the economic environment vary according to a regime
switching with general number of states. A firm seeks an optimal timing to invest an irreversible
project while observing the potential profits. We present a derivation of the value function via
solving a system of simultaneous ordinary differential equations with knowledge of linear algebra.
It will enable us to investigate a comparative analysis of the investment problem. The contribution
of this paper is a natural extension of Guo and Zhang (2004) to a real option problem with the
general number of regime states. Furthermore, we obtain an analytical expression of an expectation
of a payoff at the first passage time to the stop region by applying the Dirichlet problem and the
aforementioned technique.

In the literature, the value function of a typical real option problem is usually calculated by
first guessing the form and then solving the unknown coefficients as in Dixit and Pyndick (1994),
Guo et al. (2005) for S = 2, where S is the number of regimes, and Grenadier and Wang (2007) for
general S > 2. For American put options, Guo and Zhang (2004) take similar approach for S = 2.
Apparently one of the drawbacks is that there are no clues why such a form is taken. Jobert and
Rogers (2006), Jiang and Pistorius (2008) utilize Wiener-Hopf factorization to obtain the value
function for S > 2. They present explicit forms of the value function up to exponential matrix. Due
to the complicated form further analysis including comparative analysis seems difficult without
an insightful expression of the value function. The optimal stopping time is of threshold type.
However, the thresholds are regime-dependent. Our approach is simple and straightforward: solve
a system of simultaneous ordinary differential equations with appropriate conditions directly on
each interval of the thresholds. Due to the form, knowledge of linear algebra helps a lot in the
derivation. We do not rely on a “guess functional form” nor the Wiener-Hopf factorization that
is more technical. It is found that the value function is represented by the eigenvalues and the
eigenvectors of a coefficient matrix. With the same technique we can carry out a calculation of
the expected and discounted value of a payoff at the first passage time by applying the Dirichlet
problem in the two-dimensional space. The original value function can be decomposed with these
expectations. The smooth pasting conditions at the boundary between the continuation region
and the stop region are recovered by the optimality conditions of the thresholds. The detailed
derivation is provided for the case of two regimes. These results will help us to deepen our
understanding of the investment problem.

This paper is organized as follows. Section 2 is the setup of our model. In section 3 we discuss
the derivation of the value function under general number of the regime states. Section 4 provides
the detailed results in the case of two regime states. The issues of the first passage time are
discussed in section 5. Section 6 concludes. All proofs are found in the Appendix.

2 Setup

We work on a probability space (£, F,P) on infinite time horizon. Let J = {J(t)} be a continuous-
time Markov chain on a finite state space E = {1,2,---,S}. J(t) is interpreted as a regime or a
state of the economy at time ¢. The intensity matrix of the regime switching is given by Q

Q= (¢ij)ijer, Gi=— Z Qij- (1)

jeB\{i}
The process X = {X (¢)} satisfies
dX(t) = pypX@E)dt+o;0X()dW:, X(0) =z, (2)

where W = {W,} is a standard Brownian motion, p; and o; > 0 are finite constants for each
J € E. Denote the filtration generated by (W, J) as {F;} with Fz = o(Ws, J(s), 0 < s < ).



The firm has a chance to start a project to make a product as a monopoly of the product whose
revenue depends on the state variables (X (¢), J(t)) of the economy. We assume that the firm has
a technology to enter into the project by paying the cost K; when the regime state is ¢, and after
the investment the firm obtains the instant revenue of D ;)X (t) at time ¢ from the project, where
D; K;(i € F) are positive constants. One may interpret that X (¢) is the unit price of the products
from the project and D; be the (potential) demand quantity for the products in the economy.

In this paper a matrix is represented in bold. Q,, denotes the zero matrix of order n and
I,, denotes the identity matrix of order n. An element of a matrix A = (a;;) is denoted by
a;; = {A};;. Let us denote vectors, matrices and functions

e, = (0,---,0,1,0,---,0)" €eR® 1g=(1,---,1)T €RS,
D = (Di,---,Ds) , M=diagps, - ,psl,
aB) @2 - q1s
AB) = Q?l 92{5) QQ:S 7 3)
qg;“1 qg92 gs.(ﬁ)
ge(B) = ;U;%52+<uk—;ai>ﬂ+q“—r- (4)

For each i € E, consider a Lévy process Lgi) = (ui — %O’%) t + o; W3, which has the Lévy exponent
0D (2) = (i — 302 — 1) 2+ 3072% = gi(2) — qs; +r. Then In X (t) = Lg'](t)) evolves like a diffusion
while the regime does not switch, and the matrix (3) is expressed as

A(B) = diag[0™(8); k € E] + Q — r1s.

For a simple notation it is convenient to introduce a “truncating” operator H,, on S x S square
matrices (a;;)1<;,j<s defined by

H, ((aij)1<ij<s) = (aij)i1<ij<n- (5)

The truncating operator H,, reflects our focusing on n regime states in a continuation region
among S regimes as discussed later.
We assume the following properties;

Assumption 1. 1. Q is irreducible.

2. The matrices H,,(rIs — M — Q) and H, (rIs — Q) are invertible for all n € E.

3. r—pu;>0forallie Fand r > 0.

The property 1 of Assumption 1 is to restrict our analysis to a non-redundant case of regime
switching. Roughly speaking, each regime has a chance to move to another regime and/or to
be transferred from another regime. The property 2 is due to a technical reason to make our

discussion simple. The property 3 guarantees a convergence of total revenue and other properties.
Note that the matrices mentioned in Assumption 1 are expressed with A(8) as

rTs —M—Q=—A(1), rIs—Q=—A(0).



3 Value function

The firm seeks the optimal timing of the investment. When the current regime state is 4, the value
function V; is defined by

Vi(z) = maxE {/ e "Dy X(u)du —e "TK iy | X(0) =x,J(0) =i .

T

The following lemma gives useful expressions For the calculation of the value function.

Lemma 1.

(1) E[e7"X(D)7 | F] = X (1)) exp (AB)(T — 1)) 15, BER,
(2) E [Z eiT“DJ(u)X(u)du | Fi| = eirtOLJ(t)DJ(t)X(t),

where
aiD;=e; (rls —M— Q)" 'D.

Proof. See Appendix A.1. O
By Lemma 1, the value function at the regime ¢ is reduced to
Vi(z) = mTax]E (e (ayry Dy X (1) — Kjir)) | X(0) =2, J(0) =] .

As discussed in Jobert and Rogers (2006) and Guo and Zhang (2004), the candidate of the optimal
stopping time 7* must be in a form of
T = r_réiélTj, 7, =inf{t >0: X(¢t) > z;, J(t) =j}
J

with some positive z; (j € E). We will obtain the explicit form of the value function by assuming
that the order of the thresholds is

g <wg_1 < - <a9 <1y (6)

in what follows. Namely the regime state S is the best and the regime state 1 is the worst for
starting the project. In case that (6) is not satisfied, the following procedure must be carried out
after the regime indices are interchanged appropriately.

Figure 1 illustrates the structure of our problem in the two-dimensional (X (¢),J(t))-plane.
X (t) moves horizontally by the Brownian motion and the regime J(¢) jumps vertically among the
regimes by the switching. When the regime is n, the continuation region of X (¢) (“Wait”) is an
interval (0, z,) in red and the stop region (“Start”) is [z,,c0) in blue.

On the n-th interval (2,11, zy) the regimes 1,--- ,n (continuation regimes) are in the continu-
ation region while the regimes n+1,--- , S (stop regimes) are in the stop region. Hence, the state
will enter into a stop region either if X (¢) moves upward gradually beyond  ;(;) by the Brownian
motion without regime switches (“Creep”) or if the regime J(¢) is suddenly switched to either of
the stop regimes by a regime switch (“Switch”).

The value function will take a different functional form on each interval of the thresholds as

Vi(o)(x) if x € [x1,00),
Vi(z) = Vi(n)(x) ifx € lzpi1,zn), (n=1,2---,5-1),
V(@) ifz e (0,xg).
We will calculate Vi(")(:r) for each ¢ on n-th interval by starting from n = 0 and moving on to

n =.5. When z € [z1,00), the state is in the stop region at any regime and it is optimal for the
firm to start the project immediately since the price X () is high enough. Hence we have

Vi) =a;Dix — K;, i€E (7)

?



Figure 1: Decision making
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For x € [zp41,2n) (R =1,2,--- | S — 1), the firm will enter into the project if the regime is either
ofn+1,---,5, otherwise she should wait. Thus, the value function Vi(n) (1 <4 < n) satisfies
19B2a.2 i AR (x) + xuiiV(n)(x) - TV(n)(LC) + Z qi-(V,(n) (z) — AR (x)) =0 (8)
2 1 dZ‘Q [ dx [ i VAN [ ’

jeE\{i}

and V;(") (x) = a;Djz — K; for n+1 < i < S. Finally, for z € (0,zg), Vi(s) obeys the same ODE
as (8) with n = S. The first three terms of (8) represents a change of the value function due to a
movement, of Brownian motion and the last term represents a change due to a regime switching.
The optimality condition requires that the sum of these changes must be zero.

In summary, we must solve simultaneous ODEs on an interval [z, 11, 2,), (n =1,2,--- ,5—1),
AV @+ Y ave=- Y V@)
1<j<n, j#£1 n+1<j<S
AV (x) + Z Q2jVj(n) ()=~ Z Q2jVj(n) (2)
1<j<n, j#2 n+1<j<S
1<j<n, j#n n+1<j<S

with the value matching condition and the smooth pasting conditions at = x,,, .41, where A;
is a differential operator defined by

2
Aif(x) = %33201'2 d

dz?

F(&) + o 1) + (g~ ) (7).



It is symbolic to represent them in a form of matrix as

Ai g2 0 qin V1(n)(95) dint1 Qint2 - QS Vrfi)l (2)
g1 Ay @ | | V() Gnt1 Gmiz2 0 @s | | V(@) o)
dn1 Qqn2 - An Vn(n) (x) gnn+1 Adnnt+2 “°°  4nS Vs(,n) (gj)

The functions on the LHS are unknown and to be solved while ones on the RHS Vj(") (x) =
a;Djxz — Kj(j € {n+1,...,S}) are known. As for an interval (0,zg) a similar system of ODEs
must be solved

s
A1 g2 - qus Vl( )(x)
q21 A2 (I2S VQ(S)(I)
) . ) ) = 0s.
qgs1 qs2 - As VS(S) (z)

A set of ODEs to be solved is dependent of the interval of . We study the equations (9)
on Vi(n)(gc) (i = 1,2,--- ,n) defined on the interval (z,y1,2,)(n = 1,2,---,S) by modifying
the RHS and the interval of x appropriately in the case of n = S. Since we know the solution
Vi(") (x) = a;Djxz — K; fori =n+1,--- S, the equations of the remaining Vi(") for 1 <i<n are
reduced to simultaneous second-order linear ODEs. It follows that the solution Vi(") is decomposed

with the general solution ‘71.(”) and the special solution vgn) for each i = 1,2,--- ,n.
The special solution v§") is easily found to be a linear function vgn) () =a Vo + bl(.n), where

the coefficients a™ = (a{™, -+ a7, b™ = ™ ... )T are given by

S
> oD,

j=n+1

S
> @ja;D;

a™ = H,(rIs-M-Q)™| ;51 , (10)

(n

S

E qnjo; Dj
j=n+1
S

> oK

j=n+1

S
Y @K

b = —H,(rIs-Q) ' | ;55 :

< :
Y anik;

j=n+1
where the inverse matrices are guaranteed to exist by Assumption 1.
Now we turn our eyes to the general solution Vi(n). Let us change the variable y = Inz and
introduce auxiliary functions Vgn) (y) = ‘N/i(")(ey), Wz(»n) (y) = %Vgn)(y). Then the equations for
the general solution part of (9) can be rewritten as a system of first-order ODEs,

d (V') o (V")
dy(W“’)(y) “Plweg) )



where

O, I 2nx2 1. 9 5
r, = (R: C’l) € R“™X noXN,= idlag [017 e ’an] c Ran’
m-r ¢z O
of ot o?
@ooemir
R, = X,'H,(rIs - Q)) = -2 o3 03 o2 e
i G2 G T
o o2 o2
2 2
C, = X.'H,(Zs—M) = diag {1 — L;, 11— /‘2”] c R™X™.
o7 2

Thus, the solution is given by
() (")
Y Vv
((n)(y)> =exp ((y — yo)T'n) ((n)(y0)>
W (y) W (%)

with some yo from the boundary conditions when the exponential matrix exp ((y — yo)T'y) is
available. If the coefficient matrix I',, is diagonalizable, it is straightforward to solve and obtain
an explicit representation of the solution of the system of ODEs (11). Otherwise, one can proceed
similarly by making use of the Jordan normal form that is guaranteed to exist for any square
matrix by the theory.

By the knowledge of linear algebra the characteristic function of of I'), is obtained as

. n 1 —1
det <oan51n cnl—nmn> _ fn(g)Hl<20§> ,
j=
where

fn(ﬂ) = det (En (InBZ - Cnﬁ - Rn)) = detHn(A(ﬁ)) (12)

Thus, the eigenvalues are the solutions of f,,(8) = 0. In this paper we make the following assump-
tion for simple and useful results.

Assumption 2. 1. Forn=1,2,---,5 — 1, ', has 2n distinct eigenvalues ﬁ%n), s éz)
2. I'g has 25 distinct eigenvalues such that Bgs), e ,Bgs) are strictly positive and 5(5?1, S ég)

are strictly negative.

If the eigenvalues become complex numbers or duplicated so that the above assumption is not
satisfied, the following discussion can be accordingly modified by considering the Jordan normal
form as mentioned before.!

By Assumption 2 there exist distinct eigenvalues ,BJ(") (1 < j < 2n). Since the upper right

block of T';, is I,,, the eigenvector for the eigenvalue B;") must be in the form

(n)
~(n) _ u; 2n
u; = Wy | € R,
: (5} huj >)

with some non-zero vector u'™ € R” satisfying

H,(A(8))uf") =0,. (13)

'Due to the duplicated eigenvalues, a Jordan normal form appears in the value function in Grenadier and Wang
(2007) in a context of hyperbolic discounting which may be able to be modeled with a regime switching and our
discussion may be applicable to.




Such a vector u'™ exists for each j because the determinant of the coefficient matrix on the LHS

(6] 1S equa to n . = Yy ae nition o RN us, n 1S dlagonalized as
f(13) i Lto fu (8") = 0 by definition of 8. Thus, T, is di lized

um . (n) (n) um N\
L, = <U<n>B<n)> diag [51 S 2n} ymgm |
where
U(n) _ (ugn) ugn) . uéz)) c RnXZn, B(n) = diag |:5§n)7 e 52):| c R2nX2n
The matrix
Ut ) a” ow g (" ag () € R22
n n = n n n n nnn = ﬁn fln ﬁz ERan
<U( B ﬁi )ug ) A )ug) én)uén) 1 2 2

is invertible since the eigenvalues of I',, are distinct so that the corresponding eigenvectors al™

J
are linearly independent.
Then we can solve the system of ODEs (11) as

()
A% (y) ( um > . M ) (n)
= = n diag |e”1 Y, ... ePen ¥| AW

with some constant vector A(™ € R?". By adding the special solutions, we have the vector of the

value functions V(™ (z) = (Vl(”)(x), I Vén)(x))—r at each regime on the interval [x,,41,%,) given
as
vz = UMX® (@) A™ 4 v (), (14)
where
XM (z) = diag [mﬁln), ez & , v (z) =a™z 4 bM,
Unknown boundaries zg < --- < 27 and unknown vectors A(l), .. ,A(S) will be determined

by the value matching conditions, the smooth pasting conditions and the values at x = 0. We will
investigate them by looking at x; first and moving downward to zg as follows.

The value matching conditions at = = x,,, Vi(n)(xn) = Vi(nfl)(acn) for i = 1,--- ,n are repre-
sented by n-dimensional vectors as

" n n " U(nfl)X(nfl) n A(nfl) + (n—1) n
Similarly, the smooth pasting conditions xn%Vi(")(xn) = mn%%(”fl)(mn) fori=1,---,nrequire
U(n)dX(n) (J?n)A(n) + a(n)xn _ (U(nl)dx("—l)c(umr‘LD)‘Ax(nl) + a(nl)xn) , (16)

where
(n)
1

ax™ (z) = diag [5%"%5 g ,5§Z)$ﬁ§:)} = B(”)X(”)(x), al®) = 0g.

By coupling these conditions (15), (16) into one vector and making use of a relationship

U(")X(”)(x) u
— (n)
<U(")dX(”)(a:)> - <U(n)B(n)) X" (@),



A (") is represented with a function of z,, and A1) ag

m N\
Al = x! (x umBl( n))
(n— 1)X(n 1)( )A(7z—1)+v(7L—1)(xn)
anDpx, — K, V(n)(zn) 17
(n— 1)dX(n 1)( )A(n—l) +a(n—1)mn - a(n)xn . ( )
anDpay
forn=2,---,5 -1, and
W N oD — Ky — o
M - x® 8) a1 V1T 1 — v (x)
Al = XU () (u<1>B<1>) ( o1 Dyay — aay ) (18)
U(S_I)X(S_l)(xS)A(S_l) _|_ V(S_l) (-’L‘S)
) \7! Dszs — K
8 - x U asDszs — Kg
A = X (23" (U(S B(S> UGE-DaXED (26)AS-D 4 al5-1gg (19)
Oéstl‘S
Therefore, we can represent unknown vectors A(M ...  A(%) as functions of x1, - - - , x5 recursively.

Furthermore, on (0, 2], we want to impose another condition lim,_,o Vi(s) () =0 for all ¢ in
order to make the Value function finite. It implies that the coefficient of A(®) corresponding to

negative eigenvalues 554—17 e ,B(S) must be zero,
(0s Is)A® =o0g. (20)
This is a set of S equations that S unknown constants x1, - - - , g must satisfy. Apparently (20) is

a system of complicated algebraic equations, hence they must be solved numerically. In case that
the numerical solution doesn’t satisfy the order condition (6), the indices of the regimes must be
interchanged.

Then, by noting that v(%)(x) = 0, the value function on (0,zs) can be expressed with terms
with positive eigenvalues as

VE(z) = UsXs(z)As, (21)
where
Ug = (u§5) ugS))7 Xs(r) = diag 33’855)7"' ,:’Eﬁésq . Ag=(Is Og)A®).

As a summary, we obtain the main result.

Proposition 1. Suppose that Assumption 1 and 2 hold, and x1,- - ,xg satisfy (6) and (20). Then
the value function is given by (14) and (21).



4 Examples: Case of two regimes

4.1 Case of two regimes

We consider a case of two states S = 2 in this section.
Let us change notations as —q11 = q12 = q1 > 0, —g23 = g21 = g2 > 0.

For n = 1, the eigenvalues 69),551) of T'; are solutions of g1(8) = 0. They exist and satisfy
551) <0<1< 59) because g1(1) = —(r —p1+¢1) < 0and ¢1(0) = —(r +¢1) < 0 by Assumption
1. It follows that ugl) = uél) =1 so that

u® 1 1
<U<1>B<”) - (ﬂ§” /35“) ‘

Since v (z) = Ky (p1daz — pa), A in (18) is represented as a function of z1,

A0 gt (1) <22>

where

-1
<711($1)> 1 ( 1 1 > (alDlﬂﬁl—Kl—plazDan +p2K2>

Yi2(x1) T K §1) ﬂél) a1 Diz1 — prasDaxy
_ 1 (1= BEN(1 = kckapr)@ra + BV (1 — keps) (23)
B — a0 \ =1 = B — kickapr)@rz — 817 (1 kicps) )
h q1 Ko Qo ~ a; D;
= — = s k = =, ka:T, i = —172
D1 PR P2 = o K i & Q K, (i )

For n = 2, the eigenvalues 5](,2) are the solutions of the quartic equation?

f2(B) = det (glq(f) gf(lﬂ)) — 01(8)g2() — 12 = 0.

Note that f, is continuous and

lim f2(8) >0, fo(BY) = —qig2 <0, fo(0) =12 +1(q1 + g) > 0,

B——o0

fa(1) = (r — pa)(r — p2) + q2(r — p1) + @1 (r — p2) >0, fof %1)) =—qq2 <0, ﬁILIgOfQ(ﬂ) >0

by Assumption 1.
If g1g2 # 0, it follows that the solutions are distinct and there exist two positive solutions and
two negative solutions

2 < B < B <0<1< B < B < 8P,

so that Assumption 2 is implied by Assumption 1. In this case, the relevant vectors satisfying (13)

are taken as
2
4@ (gz(ﬁ§- )))
/ —q2

for each j =1,2,3,4.
Let us consider a case of ¢1go = 0. The roots of f2(8) = g1(8)g2(8) are ones of g; and ga,
each of which has one positive root and one negative root. The positive root of g; is B{l) and

2The same equation appears on Guo and Zhang (2004).
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the negative root is ﬁél) by definition. Therefore, in case of ¢;q2 = 0, the existence of distinct
four eigenvalues of I'y is equivalent to a condltlon of g2(6; (1 )) ( él)) # 0. Note that in this case
(¢) Assumption 2 is satisfied, (i) either of 61 = ﬁ12) 1 = 652) holds, and (i) either of
=88 or g = ) holds.
Hence, the following discussions are divided into three cases; q1g2 # 0, g2 = 0, g1 = 0.

4.1.1 Case of gq1qo # 0

First, let us consider the case of g1q2 # 0. Then, the corresponding eigenvectors are constructed
by

(2)
ul? = <92(51 )), j=1,2,3,4.

/ —q2

For the case of two states, both A®M and A, have dimension of 2 that is the same as the
number of conditions of value matching and smooth pasting. Therefore, it is easier to solve to
rearrange the value matching conditions and the smooth pasting conditions at x = x5 as

(2) (2) v (g,
Vi (g;g ((2)) )§2) g() 2(fs ) 22)) Xa(z2)As = < ;11) El)) X(l)(@)A(l) + ( a(l)(x2)> . (24)

V2 . < B 2 —g B(g)) XQ(IQ)AQ = (Q2D2x2 N K2) 5 (25)

287 @z Doy
@ 5@
where Xs(z) = diag[zF1 ", 2”2 ].

Note the difference among (15), (16), (24) and (25). (15) represents the value matching conditions
of two functions V7 and Vs, V-(2)(x2) = Vi(l)(xg) and (16) does the smooth pasting conditions of

the two functions, 1'2%‘/1-(2) (x9) = :1:2%‘/;(1)(352). On the other hand (24) is a set of the two value
matching and smooth pasting conditions imposed on V; and (25) is one on V5. The first row of (24)

and (25) represents the value matching condition of each function at z = xa, V(Q)( ) = V(l)( 2),

and the second row does to the smooth pasting condition at x = x5, x2 7~ ‘/;(2)( 2) = T2 VZ( )( 2)-
(25) is equivalent to

Xo(s)Ag = — 122 (721(“’”2)) , (26)

g2 \22(72)

where

721(-T2) o L 1 1 -1 0&2D2 — K2 _ 1 (1 — ﬁ( ))a T + /82
noa(z2)) T K 552) 552) asDsxs | §2) _ 52) —(1 ﬂ(2))a T ﬁ(2)

By solving A() in (24), we obtain
~1
_ 11 (B (8) v (z)
AD = x@) (-1 ( ) 92 92 Xo(x2)Ag — ( § > - (27)
(=2 (g g (882 4852 oz,

By equating (22) with (27) after plugging (26) to (27), we obtain a vector equation

X (1) (7115961))

Y12(71)
-1
_ 1 1 l l (w2) p1laTe — P
- kXD 1 1 2 T21\T2) ) _ (P102l2 2 28
X 50) (s 682 Laslea) o, )] %)

11



where I; = —go (ﬁj@))/qQ, j =1,2, that is a ratio of the eigenvalues. (28) is a system of equations
on z; and z5.2 We need to look for the solution with 0 < 9 < ;. The following proposition
characterizes the necessary and sufficient condition of the existence.

Proposition 2. Suppose that g2 # 0 and
r>max(p, p2,0), (r—pm+q)r—pe+e)-—qae#0, (r+aq)r+aeag)—qae#0. (29)

Then,

(1) Assumption 1 and 2 hold.

(2) There exists unique solution of (28) with 0 < xzo < x1 if and only if there exists unique solution
A satisfying 0 < A <1 and

(CllAﬁ§1)71 — ]CK,I{}QC21) (de}\Bél) - de22>

a_ M
= (012)\62 1 kKkaC22) (du)\ﬂl - dezl) <0, (30)

(1) (1)
C11 _ _ 1— 52 dll B B ﬂz
<012> - (1 kalka) ( %1) _ 1) ’ <d12 - (1 kaQ) —/Bgl) s
cr) _ ;1) -1 _¥ Iy lo 1— 552) ., 1
Ca2 _ %1) 1) §2) _ ;2) l1ﬁ§2) 12552) §2) 1 1y
dy (B8P —1\[ 1 I 5 )
<d22> B <_ §1) 1 _B§2) _ ﬂéQ) 11552) l2/8£2) —652) + P2 0 .

When the above condition (30) is satisfied, the solution (x1,x2) is given by

v\ —dia+ kacdoa A% 1 1
x2)  o.a GBI+ AN (31)
c1201 — kgccapapn APz

Proof. See Appendix A.2. O

where

Once z; and x4 are obtained from (31), the value function is summarized as follows.

Proposition 3. Suppose that g1g2 # 0 and (31) holds. Then the value function is given by

ajr — 1, x € [z1,00),
(1) (1)
z \! T\ ? ~
Vi(z) ] mlz) <x1> + m2(21) <m1> + ki (p102r —p2), € [12,21),
Kl . Bf) . 352)
kx [liy21(22) | — +lay22(z2) (| — ) r € (0,72),
X2 €2
asx — 1, T € |x9,00),
Vo(z) ? @ @ 22, 00)
= T T
K Yo1(2) () + Y22(2) (> , x€(0,29).
T2 X2
Proof. See Appendix A.3. O

The semi-analytical form of the value function obtained in this way will help us in a comparative
analysis.

3For a simpler setting (D; = D2 = 1, K1 = K32) the results (18), (26) and (28) coincide with ones obtained in Guo
and Zhang (2004).
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4.1.2 Case of gy =0

In the case of g1¢g2 = 0, we need to distinguish the roots of g; and g5 from an equation g1 (8)g2(8) =
0. Therefore, it is convenient to rename {BJ(»Q);j =1,2,3,4} with {8; k = 1,2,3,4} such that

B2 <0<1<Pr, gi(B1) =91(B2) =0, g2(81)g2(82) # 0,
Ba<0<1< B3, gi1(B3)91(Bs) #0, g2(B3) = g2(Ba) = 0.

Namely, B, =8", B=8", {8, B} ={82, 8P}, {8 s} ={B?, B}

The following lemma is necessary to verify Assumption 1 and 2.
Lemma 2. Suppose that q1qg2 = 0, g2(581)g2(B82) # 0 and (29). Then Assumption 1 and 2 hold.

When ¢; # 0 and g2 = 0, the regime 2 is the absorbing state; once the regime 2 realizes, there
will be no switch to the regime 1. Therefore, it is natural to conjecture that the value function V5
when the regime 2 will be of a familiar form in the literature.

Under a condition of ¢; # 0 and g2 = 0 the building blocks for the eigenvectors are taken to be

o= ()= () = ()= ()

corresponding to the eigenvalues (51, 83, B2, B4, respectively. Note that the order of the correspond-
ing eigenvalues is changed. Associated with the change of the order, we also change the elements
of Xo(x) and Ao appropriately and we abuse them in what follows.

Sufficient conditions of the existence of thresholds are provided in Lemma 3. The conditions
in the lemma are described in more detail than Proposition 2 due to the condition of g3 = 0.

Lemma 3. Suppose that g1 # 0, g2 = 0, g2(51)g2(B2) # 0. Let us define

hi(y) = ay P2+ by + e,
_ (B1 = 1)Bs(1 — kkpika) _
ap = (B — Do ;b= —Bi(1l — kkp2),

_ q1(81 — Bs) (Br—1)Bs
o= (91(53)(53 —-1) o (Bs—1) p2,61> ’

and z; = max

b hm}
1—Pra
(1) h1(1) < 0 is equivalent to

(r—mp2)/kp + @1 q1 (B — B3) fr(Bs —1)
e ( T—p1tq * 91(B3)(B1 — 1)53) < (B1—1)p3

(2) If either of (2-a) h1(1) <0, or (2-b) z1 <1, hi(1) <0, or (2-¢) z1 > 1, hi1(z1) = 0 holds,
the thresholds satisfying xo < x1 exist and they are given by

_ B 1

Bz —1as’
where \~1 is the unique solution of h1(A\~!) = 0 such that 1 < \71.

(3) If either of (3-a) z1 <1, hi(1) > 0 or (8-b) z1 > 1, h1(z1) > 0 holds, then there does not
exist X satisfying hy(A\™1) =0, 1 < AL

(4) If hi(1) > 0, z1 > 1, hi(z1) < 0, then there exist two distinct solutions of A satisfying
hi(A1)=0,1< A0

(32)

Tr1 = /\_11‘2, xT9 (33)

Proof. See Appendix A .4. O

13



When (32) and other trivial conditions are satisfied, the solution A~! is guaranteed to exist
uniquely. One can find the solution of the algebraic equation numerically without difficulties by
using a software on a computer. The explicit functional form of the value function is presented in
the following proposition.

Proposition 4. Suppose that g1 # 0, g2 = 0, g2(B1)g2(82) # 0, (29) and (32) hold. Then the
value function is given by

or —1, x € [z1,00),
B B2
Vi(z) _ Y1 (1) (m) + y12(21) <x> + ki (praox —p2), « € [x9,21), (34)
K o P 1 Ba
x —q1 x
ki g2(Br)y21(w2) (932> + ngl(ﬂs) =7 (@) , x€(0,m2),
Vv2(-r) — OQJ; - 17 T B3 ve [x% 00)7 (35)
K, T (:@) , € (0,z2),
where
yi(z1) = 511— 1 1 —kgp2+ (1 — B2)y12(x1)],
B2
712($1) = - a (ml) )
B1— B2 \ w2
/81 5 —
krga(B1)v21(w2) = 3, iﬁs [(ﬁl — f33) (fj) v (z1) + g‘j — gz c1
ke (B3 — )praszs — p2fs
K B1— B3 ’

and x1,x2 are given by (33).
Proof. See Appendix A.5. O

Apparently, the value function V5 in (35) is same as the standard result of a real option problem
without regime switching as conjectured.

4.1.3 Case of g1 =0

In the case of g1 = 0, regime 1 is the absorbing state. One can find that

= ()= (), w0 (). a0 ()

A similar discussion as the previous case can be carried out and conditions with respect to the
unique existence of thresholds are shown in Lemma 4.

Lemma 4. Suppose that q1 =0, g2 # 0, g2(51)92(B2) # 0. Let us define

ho(y) = aay™ +boy — 1,
1 g  p1—83

_ _ (53*1)61L(T*u1)kD+QQ
kr g2(B1) Bs(B1 — 1)’

b, —
2 B3(B1— 1) kx 1T —p2+qo

ag =

and

zy = ( g92(81) 1 (T_Ml)kD—FCIQ)l/(ﬁl—l) -
@2(B1 — Ps) kx ' —p2+ o .
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(1) ha(1) > 0 is equivalent to

1 <(7“ — p1)kp + @2 q2(B1 — B3) ) - B3(fr — 1)

ki r—pas+q  92(B1)(Bs— 1B (Bs—1)B1

(2) If either of (2-a) ha(1) > 0, or (2-b) z2 < 1, ha(z2) = 0 holds, the thresholds satisfying
xo < x1 exist and they are given by

(36)

_ A1

pr—1lar’
where A is the unique solution of ha(X) =0 such that 0 < A < 1.

(3) If either of (3-a) zo > 1, ha(1) < 0 or (8-b) z2 <1, ha(z2) < 0 holds, then there does not
exist A satisfying ha(A) = 0,0 < A < 1.

(4) If ha(1) < 0, 2o < 1, ho(z2) > 0, then there exist two distinct solutions of A satisfying
ha(\) = 0,0 < A < 1.

z1 To = Ax1, (37)

Proof. See Appendix A.6. O

Comparing Lemma 5 with Lemma 3, the basic roles of regime 1 and 2 in the determination of
the thresholds are interchanged with each other because of the simple difference, ¢; = 0 or g3 = 0.
However, in terms of valuation, regime 2 is superior to regime 1 in the sense that the firm is willing
to invest at a lower price in regime 2 than regime 1. Furthermore, since regime 1 is the absorbing
state (¢g1 = 0), it follows that when the economy state is in regime 1, the situation is same as the
typical investment problem. It implies that the value function V4 when regime 1 has a familar
form as observed in V5 in case of ¢go = 0 in the previous subsection. The intuition is confirmed in
the following proposition.

Proposition 5. Suppose that g1 = 0, g2 # 0, g2(51)g2(B2) # 0, (29) and (36) hold. Then the
value function is given by

arx — 1, x € |[x1,00),
e [ @l ek
K — .
1 B —1 <x1> . x € (0,2)
aox — 1, x € [z2,00),
B1
1 z q2
V - - - =
;{(x) = pr—1 <$1>ﬁ kxga(B1) 5
2 1 3 L —1
+ <‘T> q2 <IL‘1> 751(ﬂ3 ) , I’E(O,Ig),
B3 —1 \z2 kxga(B1) \ 2 B — B3
where x1, 2o are given by (37).
Proof. See Appendix A.7. O

4.2 Numerical example of case of ¢, =0

Let us see a numerical example in case of go = 0 for simplicity. We set parameters as follows;

r= 0057 (q17q2) = (0130)7 D, = 17 (K17K2) = (la 1)
(11, p12) = (0.02,003), (o1, 05) = (0.2,0.3).

Then the eigenvalues are obtained as (01, 2, 83, 84) = (2.738, —2.738,1.234, —0.901).
By moving Da, k, and x1 /x5 vary as follows.
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D
kp = =2 050 0.67 1.00 1.32 150
D,
asDy /Ko
ky = ————— 0.93 1.00 1.08 1.13 1.15
“ aDi/Ky
x1/29 0.52 0.63 0.82 1.00 1.10
NPV (ko) 122 1~2 1<2 1<2 1<2
Real option (z1/z2) [ 1>2 1>2 1>2 1~2 1<2

The goodness of regime state will depend on the ratio of demand quantity kp = Ds/D; since the
investment cost is same. NPV method would suggest that the threshold is kp = 0.67 while the
real option approach suggests that it is kp = 1.32.

5 First passage time

With the same technique we can carry out a calculation of the expected and discounted value of
a payoff at the first passage time by applying the Dirichlet problem in the two-dimensional space.

Once the optimal stopping time 7* is determined and the thresholds zg < --- < 1 are fixed,
the value function can be decomposed by functions related to the regime at the first passage time
as

Vi(z) = m;aXIE e (ayry Dy X (1) — Kyr)) | X(0) =, J(0) =i
= Z E [1{7*:%}6_”—* (CUJ(T*)DJ(T*)X.,-* — KJ(T*)) | X(O) =, J(O) = Z}
keE
= Y [axDpFf(x) - K,Gi(x)] (38)
keE

where 7% = mingeg 7k, 7% = inf{t > 0: X(t) > zy, J(t) = k} and

Fi(@) = E |7 ME(X,e, J(r) | X(0) =2, 0(0) =i] . Mb(w,5) = 2o, (39)

Giz) = B[ ME(X, J(r) | X(O0) =2, 0(0) =i], Mb(w,j) =dn. (40)

F(x) is the discounted expected value of the payoff of X+ 17+ after starting from (X (0), J(0))
(z,1). Similarly, G¥(x) is one of the payoff of 1{;(;+)—=k}-

The purpose of this section is to obtain the explicit form of these decomposing functions FF, G¥.
Our plan and idea are as follows. The functions defined by the expectation in (39) and (40) are
applicable to the Dirichlet problem thanks to the functional form in the definition. However, the
domain must be set appropriately in the two-dimensional space. Then we obtain a set of ODEs
which can be solved with the same technique as in the previous section. Finally, we verify the
decomposition (38) and the smooth pasting conditions at the boundary, which are not imposed in
the Dirichlet problem.

Since the stopping time 7* has the regime-dependent thresholds, we need to rename them on
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each relevant interval as

Fi(k’O) (:]C), T e [131,00)
z €]

Flk(x) = Fi(k’n) (x), Tpt1,ZTn), 1<n<S—1
Fi(k’s)(ac)7 xz € (0,zg)
G* (@), € [11,00)

Gf(x) - Gz('km)(x)? T € [Tny1,2p), 1<n<S—1
G (@), x e (0,xs)

On the n-th interval, the regimes ¢ > n are in the stop region so that
(k)N _ s gk (k)N _ 5 gk ,
F, () =i = Mp(z,4), G777 (x) =0 = Mgo(z,1), (i>n). (41)
In order to obtain the explicit expression of the functions Fi(k’n) and ng’n), we apply the

following Dirichlet problem.

Lemma 5. Consider an open set C C R? and D = R?\ C. Define the first passage time Tp =
inf{t : Y; € D} of a Markov process Y on R¢ with Yy = x € C, and define F(z) =E[e" ™M (Y,,)]
for a given continuous function M : OC — R. Then F solves the Dirichlet problem

AyF=rF in C, Floc = M

EFY,) |Yo=2|—F
where Ay is the infinitesimal operator Ay F(x) = ltif(r)l [F(¥%) | Ot il (x)

Proof. See, for example, Peskir and Shiraev (2006). O

For a regime switching diffusion dX (t) = )X (t)dt + 0 ) X (t)dW4, it is known that

1 d2F, dF, 5
AxFle) = 5ot @)+ @)+ Y g () — Fi@).
J=1.4#i

The continuation region of our problem and the relevant sets are given by

S
B = (0,21)x(0,S+1)cRY,, C=B\|J{(x,i) R, |z <a <},
=1
S
RI,\C, aC=0BU || J{(z,i) R, | <w <}

=1

D

When we fix k and consider F¥ (i € E), the continuous function M on the boundary is defined
with ME(z,i) (or ME(,1))

ME(z,i), y=1i1€FE, z; <z <,

o) (W+1- Y )M (1, [y])
+(y — W)ME(x, [yl + 1), [yl € B, 2=,

0, otherwise.

The function M when considering G¥ (i € E) can be constructed similarly by replacing MF(x, i)
with Mg (z,i) in the above definition. The continuation region C and the function value M (z,y)
are illustrated in Figure 2. Note that the domain is expanded to a dense subset in R?, though our
interest is in a subset in R x Z, in order to apply the Dirichlet problem directly. The regimes take
values in Z only so that we don’t need to pay attention to the function values in the non-integer
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Figure 2: Continuation region

0 TS Tit1 T; T3 T 1 T
~——— ———e———o———o—o—o
i ) _
| ]\[(x‘y> - O |
1| b
[ [
Y ' [
2 | o=—=——-—
I M(z,y) =0 I interpolated M (x,y)
3| o====
[ !
: Continuation region C :
| [
i o========
l M(x,i) = Mf(x,i) = adu
! or M(z,i) = ME(x,i) = (Si%g
[
S o===============
[ !
S+ - - o ___ [
Y M(x,y) =0

area in the regimes. Thus, the interpolated values of M at (z1,y) (y ¢ E) are sufficient to make
M continuous on the boundary OC.

Then by Dirichlet problem, each of FF and G¥ satisfies a set of certain ODEs. We must solve
simultaneous ODEs on each interval such as

k,n k,n
A1 g2 0 qin Fl( )(33) Qn+1l QAn+2 0 Q1S FT(L+1)($)
g1 Az o g | | FEY () @+l G2nt+2 0 Q2s F,E’i;” (7)
) ) . ) = - . . . ) i (42)
1 qnz -0 An) \ ERM () nntl  Qnant2 “° GnS Fé’“m (z)
onzx € [Tpt1,Tn), (n=1,2,---,5—1) for each k = 1,2, where

2
Aif(@) = La%0? o (@) + api f(2) + g~ ) @),

The value matching conditions are imposed at x; in both C and JC. The smooth pasting condi-
tions, however, are imposed at z; in C only since a smooth pasting condition at the boundary is
meaningless in the Dirichlet problem.

When n <k —1, F,Ek’")(z) = z but other Fi(k’n) on the RHS of (42) are zero by (41). On the
other hand, when n > k, all of Fi(k’n) on the RHS of (42) are zero. Hence, when n < k — 1, (42)
becomes

k,n
A q2 0 qin Fl( )(95) ik
g1 Az 0 qon Fz(k’") (x) g2k
. . . . = - . 9
dn1  QGn2 " An Fr(lk’n) (x) Ank
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and when n > k, (42) is reduced to

k,n
A g2 0 qun F1( )(x)
@1 A2 0 qon FQ(k")(:r) 0
qn1  4n2 - An Fr(bk’n) (;Ij)
In summary, (42) is equivalent to
k,n
A @2 0 qua F{ (@) Qi
@1 A2 0 qon FQ(k’n) (x) 42k
. . . . . = 7I1{n<k}
In1 Qn2 - An Fv(lk’n) (gg) Ank
Similarly we have equations for G¥,
k,n
A @2 0 qun Gg (@ qik
a1 A2 o @ | | G () Q2%
. . . . . = _1{n<k}
qn1  Gn2 " An ngk,n) ((E) Ank

For the following calculation, it is worth of noting that a special solution appears only when
n < k —1, especially (k,n,7) =(2,1,1)if S =2.

We can obtain explicit representations for the case of S = 2 by applying the same technique as
discussed in the previous section. The following proposition shows the results in case of g1q2 # 0.
One can obtain the results in case of ¢1g2 = 0 in a parallel way.

Proposition 6. Suppose that g1q2 # 0.

Fi(k,")’Gl(.k’") are given as follows.

F'%) = 2, FMY@) =

(1)

FOD () = -7 @y (2 @) (2)"
1 (l‘) = I 1 ) ) <z;)6£1) 92( 1 )(1‘2) —92( 2 )(m) ,

%) = 0, F{"V@)=o,

M _ ) I 2
(1,2) 1 M2 x €z
F — J— P —_
2 (z) 1 . 5D N (D 42 <.1‘2> +q2 <x2> )
a(z) +a(z)
x Y z 2
) = 0, F*Y() =5 () + By <> +pa,
X1 x1
2 o
x x
A0 = (W) () e () m ()
T2 T2
2) @
T\ T \?
F2(2’0)(x) = Féz’l)(x) =z, F2(2’2)(x) = —q2 B3 (m) — q2B4 (m) 5
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and

1) ) ¢ S
(1,2) _ By’ =B @\ (= @) [
G (I) = ™ IEY) 92( 1 ) (mz) —92( 2 ) <x2> )

di (%) + da (%) ’

G0 = 0, GP@) =0,

1) _ 5 v g
(1,2) _ 1 P2 T €z
Gy (z) = 50 50 —q2 (@) +q2 (ZL’2> )

1 2
4 (z)" +n(z)
v 2

¢*V@) = 0, ¢PV@)=b (x) +by (x> + P2,
T I
(2) (2)

G§2’2)(x) _ 92( E2)> b <§2> 1 + 92 (552)) by (i) 2 ,

@) 2
T L T 2
G2V = 1, 6PV =1, G (@) = —abs () ~ oy () ,
To X9
where
By = —piz A +q2x21112 ( - 52)) —n (ll ( - 1) — ( . 1))
A ABY 4 do\ 85" IR Vi ’
(1) (1)
5 —p171 (/ﬁ” - 551)) + laxo (( él) - éz)) AP — (,6?) - ,352)) APz )
3 pr—
diA 4 dyr 53"
(ﬂg” - 1) A8 (5@ - 1) A-85"
—pP1T1
d AP 4 05"
By = —-pix1—B1, By= Sz Bs,
q2
, dy A5 . lila ( - éz)) —p2 (115?) - 12552))
1 = —P2 1 qz 1 1
d1)\75§1) + d2/\76é ) d1/\ﬂé g d2/\ﬁ§ )
(1) (1)
—Do (6%1) o él)) T+l ((ﬁél) . ﬁéQ)) A A (B%l) . 652)> A Bs ) ﬂél))\fﬁg) 7 ﬂgl))\fﬁél)
by = o) o) — D2 5) &)
AP 4 do P2 AP do P2
1
by = —p2—by, by=-———b3.
q2
Proof. See Appendix A.8. O

Note that Proposition 6 is valid for any zo < z1. We don’t impose “smooth pasting conditions”
of Fik, Gf at the boundary of the continuation region when solving the Dirichlet problem since
“smooth pasting conditions at the boundary” are meaningless in the problem. It follows that, for
arbitrary given x1, 22, a function constructed with these obtained FF, G¥

W @) = 3 (arDeF " (@) = K4 GE (@)
keE
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does not necessary satisfy the smooth pasting condition %W,&") (z) = ap D, at the boundary z,,
of the continuation region. The optimality condition involved in A = z1/x2 plays an important
role in veryifying (38) and the smooth pasting conditions at the boundaries.

Lemma 6. The condition (28) is equivalent to the following condition,

(1 - 551)) (a1 Dy — proe Do) x1 + 551)0(1 —p2K2))\ﬂ<1) ( 1 )
1
1 (1)
Ry z
(1 - gl)) (a1D1 — prao Do) 1 + ﬂ{l)(Kl —p2K2) o) /1
- 50 _ 50 A% <ﬁ<1>>
1 - M2

2

: (1—ﬂ;2>)awm+ﬂé”f<2( o) (- £2>>a2Dm+6i”K2( b)

= a 2 2 (2) ) —t2 2 2 (2)
O 1 EORe

2
1 1
7p10z2D2$2 1 +p2K2 0)"

Proof. See Appendix A.9. O

By making use of Lemma 6, we take the optimality condition into consideration so that we
obtain the following result which is seemingly trivial but non-trivial.

Proposition 7. Suppose that g1g2 # 0 and x1,x2 are given by (31). Then it holds that

V;(”)(z) — VVZ(”)(;E)7 n= 0, 172, 1= 1727

(n)

where V' are given in Proposition 3.

Proof. See Appendix A.10. O

6 Concluding remarks

Our technique of linear algebra provides an insight of the functional form of the value function
and it enables us to analyze value function more explicitly under many regime states. Numerical
calculation is relatively easy due to expression with eigenvalues and eigenvectors. Comparative
analysis is possible due to closed form in some special cases.

As remarks on parameters, we made explicit assumptions on 7, M, 3 and Q in order to obtain
appropriate eigenvalues ﬂi(") and convergence of income flow multiplier a;. However, conditions
on D and K are implicitly involved in calculation of thresholds x, satisfying the order of xg <
Ts_1 < S T2 S 2.
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A Appendix

A.1 Proof of Lemma 1

Due to Asmussen (2003) (Chapter XI, Proposition 2.2) and the Markov property, it holds that for
u>t

E[e ™" X(T) 1 yiry=gy | J(t) =i, Fi]
e TX (1) {exp ((Q + diag[0®) (8); k € E]) (T — t))}

= e "X (t)" {exp (A(B)(T — 1))},

ij

since Q + diag[d*®) (B); k € E] = A(B) + rIs. Hence, we obtain the result of (1).
By making use of the result of (a), we see that

E e ™D X (u)" | J(t) =i, F]

= Z E [e_ruDuX(u)ﬁl{J(u):j} | J(t) =1, ]:t]
JjEE

= Y E[e X ()’ 1wy | J(t) =i, F] D;
JjEE
= e "X (t)Pe] exp (A(B)(u 1)) D.

It follows that
E { | e Duw X | ft} = [ El DX @] R d
t t
= / ethX(t)e}(t) exp(— (rIs =M — Q) (u — t)) Ddu
t
oo
= e_Tte;(t) (/ exp (— (’rIS —M — Q) (u - t)) du) DX(t)
t
Since by Assumption 1 the eigenvalues of rIg — M — Q are strictly positive, it holds that
/ exp(—(ls —M - Q) (u—t))du = (rIs—M-Q)~".
t
Therefore, we obtain

(oo}
E Ut e "Dy X(w)du | Fe| = e el (rIs — M~ Q) DX(1)

= €7TtO[J(t)DJ(t)X(t).

A.2 Proof of Proposition 2

(28) is equivalent to

_zM - —pM ~
x;"t (cnnoary +din) = krgay' (cor0ome +da1),
ey &)

x P2 (c120171 + d12) = kK«Tz_B2 (coaliama + da2) .

With x5 = Azy, we obtain

7ﬁ(1) 7&(1)
. —di1 + kgda A™% - —di2 + kxdaaA™P2
R GBI Ly Go B 41
c110q — kg ca1apA™P1 c1200 — kgcopan APz
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which implies an equation for A
JURCY) ~ &)
<0110é1)\/61 - kK021Oé2) (6112)\132 - dezz)
S - )
= (612Oé1>\ﬁ21 - kK622a2) (du)\ﬂll - de21> ;

which must be negative in order to ensure the positivity of x;.

A.3 Proof of Proposition 3

VO(2) = Umxm@mﬂwwm@y<mumxm@mﬂ%ﬁ”(?%?D+V“u>
12 1
(1) (1)
1 2

x x _
= Kivi(zy) (gﬁ) + Kyv12(x1) (m) + Ko (p1oiax — p2)

K _
V(Q)(ﬂi) = UyXy(2)As = —q—;U2X2(x)X2(I2 1) (,zz;gz;)
o 2
- Koliya1(2) (m%) + Ksloyza(22) (g;%

A\ 2\
Kov21(22) (g) + Ka7y22(22) (g)

A.4 Proof of Lemma 3
(1) By definition, it holds that

<a1D1> _ (7' —mta  —q >_1 <D1> _ 1 <(7' — p2)D1 + (th)
as Dy 0 T — 2 D, (r—p1+q)(r—p2) \ (r—p1+q)Ds2

so that

1 r—p1t+q

o ek =) ko + @i’
Then we see
hi(l) = ai1+bi+a
_ (Bi—1)Bs {k ((T—MQ)/kD ta q1(81 — Bs) > ~ Bi(Bs — 1)]
Bz —1 K r—p1+q 91(B3)(Br — 1)B3 (b1 —1)B3] "

Therefore, hi(1) < 0 is equivalent to (32).
(2) The value matching conditions and the smooth pasting conditions at x = x5 are given as

: I N _ (UOXO () AD 400 (1)
i <g2(61)51 —Q153) Xa(72)A2 = <U(1)dX(1)(z2)A(1) i a(l)x2> ; (43)
e (3 ) Xt = (D 1), "

where Xo(z) = diag[z®, z%].
From (44), ,63(042D2I2 — KQ) = OégDQIQ, namely

B3 Ky B3 1
To =

Bs—1lagDy f3—1lag
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Then it must be

K= (T107). @

. . Qoo 1
where r9) is unknown while To) = = .
121(72) 12(02) = 8 T () (B~ 1)
With (18) and (45), (43) is equivalent to

B1
i <V21($2)> _ ( 92(B1) —q1 )1 ( L1 ) (%) (@) Yk (p152332 - pz)
K\ oz (z2) 92(B1)Br  —q1P3 B Be <@)52 rra(21) K\ praaas

A Ba
1 (81— Bs) (%) Y11 (21) + (B2 — Bs) (%) yi2(71)
m 7%@81752) (%) 21

Y12(21)
ke (B3 — 1)prazzs — p2s
9B (B1 — B) \ ZL2((B1 — Vprazs — pafy) |-

q
This is a system of equations on x; and 721 (z2). Thus, by looking at the equality for the second
ai1xy/x2+b1

B1—PB2

B2
> (012 + b1) — kg ((B1 — 1)praows — p2/31)

(46)

row with an observation of y13(2z1) = , an equation for A=! = x; /x5 is obtained as

@(B—Bs) (%2
kK91(53)(53 —-1) (331

or hy(A71) = 0.
Let us check the monotonicity of h;. We see that

b
M) = (- B —Bz( _5)
1 () (1= B2)ary VU= B
T — /Jg -
—a; > 0.
r—p2+aqkp
It follows that hj(y) < 0 on (0,z), Ri(y) > 0 on (z,00) and lim, ,o h(y) = 400, where z =
b
- Pz 3 ch o]. Then A~! exists uniquely satisfying hy(A™1) = 0 and A=! > 1 if 2y (1) < 0.
— P2 a1
It is obvious for other conditions in (2), (3) and (4).

ap = (b1—1)

max |:

A.5 Proof of Proposition 4
It is straightforward to check that by (?7), (??) and (46),

(1) = (1—B2) (61762)%2(;11)1&(1%“2) + Bo(1 — kxpo) 1-p (21) 1 —kgpo
Y11 (1 = 51_52 —51_1712 €1 —1—7&_1 s
() = @AITh_ @) b () (”“)ﬂ =5 (“)ﬂ
i) = Br—Bs B1— B2 T BB\ ’
1
n2(e2) = 91(B3)(Bs — 1)’
and
/ng2(51)721($2)
B 1 1,2 Bl x2 ﬁQ
R (Br = Bs) <961> Y11(z1) + (B2 — Bs) (m) Y12(21)
- (Bs — 1)p1aazs — pafis
B1— B3 .
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Then it holds that

VO@) = UOXO@AD +v0e) = KUOXO@X D) (200 490
12 1

2 B1 T B2
= Kivii(zy) <$1> +K1’712(»’B1)(x1) + Ko (p1ax — pa2),

) B K —1y (V21(z2)
v )(x) _ U2X2(z)A2_—q—2U2X2(1‘)X2(zQ )(722(552))

Kaga(iintes) (2) "~ Kaarnten) ()
K291(B3)y22(72) (x%)ﬁs

A.6 Proof of Lemma 4

The value matching conditions and the smooth pasting conditions at x = x5 are given as

0 11
e (gffﬁ(??)%l 0) Xo(w2) A2 = (5@ Bé”) XD (27) A,
1 1 agDozy — K-
Vo —q2 <51 63) Xo(w2)Ag = ( 20421)22332 2> 7

where Xo(z) = diag[z?, 2%].

(48) is equivalent to

77& Yo1(72)
Xa(72)Ag = - (722(362)),

where

_ (1 - ﬂS)azx + B3
(@) = Br — Bs ’

(47) is rewritten as

1 1\
o () (28 een

By equating (22) with (50) after plugging (49) to (50), we obtain a vector equation

(1= B1)azr + By
B1— B3 .

Yo2(z) = —

-1

XU () = e (o ) ()

_ 1
= l/ﬂK’721(332)X(1)(=T2 N <0> )

since B = §”, where | = —g2(61)/¢2.
(51) is equivalent to
b B 1
Bi—1ay
and ha(N\) = 0.
dov_ b a Bi(Bi—Bs) | g 92(8) 1 (r—m)kp+as
ha(y) = N kx

ki g2(B1) Bs(Br — 1) Y @(B1—B3) kx T —p2+q2
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By definition of 31, 83, we observe that
92(B1) _ 92(B1) — 92(B3)
B1— B3 B1— B3

Hence, h4(y) > 0 on (0, z2) and h5(y) < 0 on (z2,00). Since he(0) = —1 < 0 and limy_,o ho(y) =
—00, there exists unique solution of hy(A) =0 in (0, 1) if and only if he(1) > 0 or

> 0.

1 ((r — 1)kp + q2 @ -3 ) - Ba(f1—1)

ki r—pz+ag g2(B1) (Bs — 1) (Bs—1)B1

A.7 Proof of Proposition 5

(-pae+s” o (=A@t s

g1 - 8y g1 — 55"

(i) = (o o) () = e (olor £47505.)
azs Dy @2 r—fp2+qe Do (r—p)(r —p2 + g2) \@2D1+ (r —p1)D2)”’
p o~ L (r—m)kp +¢

“kx r—petq

pr=p2=0, vW(x)=0, (z)=

Since
1-B2) 325 + 8
Y1 (z1) = ( ﬁ;l)ilé; : - 511— 1’ M2(z1) =0,
by (77)
= (2) e = ()
T = e o ) MY T T B K (B - ) \ar )
ey = - LTPIEEIER A ot B
22(Z2 B — Bs By — 12 T B By
V() = UOXO()AD +v0(2) = K UOXO ()XD (271 (13%3)*"(1)@)
B
(%) 0 - 1 z \*
S NI poeass
VO (z) = UsXy(z)As = —%UZXQ(@XZ(@I) (32553)

B1 B3 0
1 x 1 1 T
- ! () ( 1 ) + 2 () L » s 1
Pr—1\a _92(531) Ps—1 \a2 k?KquQ(BI) (I;) ﬁlﬂ(FjﬁS)
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A.8 Proof of Proposition 6

A.8.1 caseof k=1on F;

First, let us consider F; with k = 1.
For n = 0, or on the interval [z1,00), it is obvious that Fl(l’o) () = z and FQ(LO)((E) = 0 by
definition. For n = 1,2, it holds that

(1,2)
L),y _ L), A quo (F177 (@)
AT =0, ) =0, <Q21 Az) (1 2(172) () — O

Thus, they must be in a form of

B
F'@) = 4 <x>

B
X
+ A2 () )
Z1 Z1
(2) (2)

w(67) 40 (2) " v () (Z)

& 2
x x
—q2 A3 (> — @Ay (> )
X2 T2

with unknown constants A1, Ay, A3, and Ay, by taking the eigenvectors into consideration. Since
the necessary value matching conditions and the smooth pasting conditions are

F{? ()

FM (@)

d d
FiY @) =2, M (22) = FOY(02),  —F5P (20) = = FD (12), 3V (a2) = 0,

dx dx
we have a system of equations of these unknown constants
et 9 (09)) 2 (29) w) (6
S s o, (57) s (%) | | 45] | 0
0 0 g g A/ A0
From the first row and the fourth row, we see Ay = 1 — A1, Ay = —As. Then, the reduced

equations are

(1) (1)
—AB g (87) - g2 (552)) (A1> /\ﬂél)< ( )
(1) (1) =1 1 | -
BN BN 5P, (87) - 8P g, (817 ] \As B2

Let us call the coefficient matrix on the LHS W,

w SN g2 (B) — g2 (87)
- (1) (1)
BN 1 g0 g, (52 - a0 (357
G —ga(h — ) (52)
(1) (1) 5
_ﬂgl)Aﬁl + Bél))\ﬂz _q2 <115§2) _ 12652))
and check the existence of the inverse matrix W1, The determinant is evaluated as
detW = (V7 = 087) go (87— 128) = (BN = BN ga(ty — 1)
2 2 2 2
Al [ SRt BVIERE R O i S 1
! Iy — Iy 2 I — Iy
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Since 0 < A <1 and ,851) <0<1< Bf) < 5%1) < 552), we observe that

0< )\ﬂﬁl)—,@él) <1 5= _92 (5?)) o @ <0, = _92 (Bé@) . ” .
TGO R R
and @ @ @ a2
By =g - l1ﬁ1l - 5252 <8 =pW 1151l - 5252 .
It follows that L b
0<§®<ﬁﬁi;2@?< @ gy <o.

I — Iy Lo

If 8f > 0, then B{)\ﬁil)_ﬁgl) — B4 > 0. In case of 3] < 0, we see Bj\°
Therefore, in any case, detW > 0 is confirmed. With the notations

di= g |= (=8 +87) = (8" = 87 ko], da=ao [ (8" =B ) 1+ (817 = B ) ]

the determinant is rewritten as

detW = di X% 4 dop = WA [ 287 g gpa 7]

M _ g
1 = By > By = By > 0.

Therefore, the coefficients are solvable as
() = mwo (h) - e (an (187 - 5) el - ()
As 1 551) detW ﬂ%l))\ﬁf) B 551))\551 7)\@1) + )\Bél) ﬁél)

Il)\ﬂgl) d1

and (1) (1)y, 8"
_ 2B

L G 0

detW detW

AQZ.’L'l—Al:.’El

They are summarized as

(1)
d AP dp A~
Ar=m P PO Ay =m _ 3D EPION
diATP 4 do APz di AP 4 da AP
1 1 1 1
Az = §)_ é) Ay = —x1 ﬁg)_ﬁé) .
A A 4 dpA—Bs” d AP 4 doa—Ps”

A.8.2 caseof k=2 on F;
As discussed earlier, it holds that

(2,2)
2.0y _ (2,0)\ _ @1 _ (21) A q2\ (F77(@))
F =0, F = AF = —qioz, F =z, = 0,.
COw =0, B0 —s AF@) = —gan, @ —a (0 2) <F2(2,2)(x) z

Thus, they must be in a form of

(1) (1)
1

2
Fl(z’l)(x) = B (x) + By <$> +p1,

T T
(2) (2)

F1(2’2)(x) — (5%2)) B (;2) ' +92< 52)) By <;2> 2 )

(2) (2)
1 2

x x
F2(2’2) (r) = —qB3 () — q2By4 () ;
T )
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with unknown constants Bi, Bo, B3, and B4. Since the necessary value matching conditions and
the smooth pasting conditions are

d
(@) =0, F* () = F*Y(22), %FI(ZQ)(:EQ)

we have a system of equations of these unknown constants

d
d FP (@), FPP (@) = 2o,

X

1 1 0 0

B —p1x
& (1) 1 P12
Y B g9 ( §2)) 4o (ﬁéZ)) B | | purs

—59)/\551) —551))\ﬂél) 5?)92( iz)) 552)92( 52)) Bs PLT2

0 0 - - B 2
qz q2
From the first row and the fourth row, we see By = —p1x1 — By, By = —%£ — Bs. Then, the
q2

reduced equations are

w(5)

&
—plﬂﬁl)\ﬁ?l +p1x2 — lawo
i)
D1T2 —p1$15§1)>\62 - lz$25§2)

= —P1$1)\Bé‘l) (11) + p122 ! —lax2 12 .
85 1 B

Therefore, the coefficients are solvable as

Bl -1 . ,@(1) 1 1 _ 1
<B3> w |:p1x1)\2 (Bél) + p172 1 laxo éz)

pll’l)\ﬁél) dy i P12 _q2ll ( §2) - 1) + CI212 (B;Q) - 1)
AW A3 =g T AW (g 1) el (g 1)
ZQIZ?Q —Q211 (552) - 552))

 detW (ﬁ@ _ ﬁ§2)) A (551) _ ﬁéZ)) A

and

T
By = —p1z1 — By, By = T Bs.
2

They are summarized as

B b (87 = 8%) = (n (87 - 1) — 12 (8 1))
1 = ~hn G222 ’
A5 4 dp—0s” AN 4 dy o
)
By = dp A" L(ly —p) B2 = 1y(ly — p1)BY + pi(ly — 1)
2 = pPin (1) ) — (§2%2 o & 7
dl)\fﬁﬁ + d2/\732 d1)\f82 + dg)\ﬁl
g (80— 587) + b (887 - B8 ) A — (B — 57) 252"
B3 - _5(1) )
diATPLT 4 do A Bs
T e
—Db171 n - ,
A A8 4 dyr—ps”
(1) (1)
P O (R e
4 =

A8 4 dyrpe”
(B 1) A — (B0 — 1)t

di AP 4 dpA s ¢’

+p171
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The functions are expressed as follows,

(1) (1)

(1,0) (1.1) d (wl> | t+da (:vl> 2
Fy7o(r) = x, Fy7o(x)=m m >

B B
di(2)" v (z)”

Bi
(1,2) _ 1 P2 (2) z (2) £
Fyoo(r) = o 50 @ |92 (51 ) (12) — g2 ( 2 ) (2

1,0 1,1
") = 0, F"@)=o0,
1) L) o O]
1,2 57— B x T
Hw = e e (D) e ()|
1
a(z) ez :
FEO®) = o,
)~ ) (6 0) (o ) [y
77 (x) = qowe po pey <x1> _
2 1
(@) +a(z) :
5(1> 5(1)
h(z) re(s)
+p1x+p1x1 ) W
x ﬁl x 52
a(z)" ra(z)
i = o fu(2) 0 (2) on ()"

FPe) = o, BPV@) =,
(2) é2)

T ! T
w0 - () (2

A.83 caseof k=1 on G;

The same discussion can be applied as in A.8.1. Since the relevant equations are

(1,2)
G =1, GV =0 A @ =0 6w =0 (A %) (Gl .

<>>_02
) )

G (@

g1 A
the functions must be in a form of

X X
@) = @ <x1> e (m)

(2) (2)

00 = () (3) " +o () (3)

(2 (2)
T ! x 2

—(g20a3 () — Q204 ()

€2 €2

Since the necessary value matching conditions and the smooth pasting conditions are

Gy (@)

d d
G =1 6 = 6@, G @) = 6 ), 6 ) =0,
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we have a system of equations of these unknown constants

1 1 0 0 a 1
) M 2 2 !

_)\51 —Aﬁ2 92 (6£ )> 92 (ﬂg )> a9 B O

M ) =

A0 BN P (7)o () | o] {0
a
0 0 —q2 —q2 *

From the first row and the fourth row, we see as = 1 — a1, as = —a3. Then, the reduced equations

are

ai _ 5(1) ]. )
W = A\ .
(%) (ﬁé”

Therefore, the coefficients are solvable as

a1 )\ﬂ(l)w—l 1 xl)\ﬂél) d;
= \P2 _mA
<a3> ( él)) detW <<6§1) _ ﬁél)))\ﬂil)> s

and as =1 —ay, a4 = —as. They are summarized as
dirA do A=
a; = 5 ag = )
S T S E B SR e
1 1 1 1
-5 B — Y

asz

(1) (1)~
2 2

T A do B A 4 dop

Note that A1 = X1a; (Z = ]., 2, 3,4)

A.8.4 caseof k=2 on G;

The same discussion can be applied as in A.8.2. Since the relevant equations are

GE0@) =0, GO =1  ACEIE) = g PV =1 (A 22} (CUTE) g
1 ) 2 141 12, 2 9 go1 .AQ G(22’2)(£E) 2

the functions must be in a form of

(1) (1)
2,1) z\" x\?
Gy () = | — +bo | — + D2,
X1 X1
(2) (2)

Q
Mjl:;
o
=
~~
&
N
I

2\ 2\ %
—q2bs | — — qoby | —
X2 T2

Since the necessary value matching conditions and the smooth pasting conditions are

d d
GV (@) =0, GPP(x2) =GPV (12), —GPP(wy) = —GPV(22), GFP(22) =1,

dx dx
we have a system of equations of these unknown constants
1 1 0 0 b »
o) (1 1 —Dp2
_)\ﬁl _>\52 g2 (ﬁ§2)) g2 (ﬁéQ)) bg o P2
A a5 (o) e () | ] T 0
by 1
0 0 —q2 —q2
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From the first row and the fourth row, we see by = —po — by, by = —q% — b3. Then, the reduced

equations are
1 b2 — 2 2) | -
85" 0 X

b 1z N5+ puy — Ly 0
W (bl> N ey | = e
3 P1T2 — P1x1Bs A2 = laxaf3y

Therefore, the coefficients are solvable as

by _ R RO 1 1y 1

<b3> = W {Pz)\ Y A 52

_p2)\’651) di 4 P2 _Q2l1ﬁ§2) + QQl26§2)

detW \(3() = g ) T deew \ (57 - 1) a0 (g0 - 1) 4

2 2
Iy —Q2ll<£)— &

B (1) (1)
detW (551) _ 59) A8 (5§1) _ 552)) ABs

and 1
by = —p2 — b1, ba = —— —bs.
q2
They are summarized as
I C(lll;\_ﬁgl) . q2l1l2 ( %2) — 52)21)— D2 <l1(3j2) — 12352)> 7
Ay A8 dyA—55 diNP2 " 4 dy )\
by — o tfi)\fﬁél) . Ll —p2) i)) — bl ;p2) 52)’
diA =P 4 dp AP diNP2 4 da A
) e (- A (- )
A8 4 dyr—pe”
A — gt
AP 4 dyAPs”
1 Gt ) ) (Gt Rl At DR
d1>\_'8§1) + d2>\_5§1)

B A5 _ g y-st 1
d1)\’5§1) + dzx\*ﬁél) vy

+p2

The relevant functions are expressed as follows,

59) Bél)
b (2)" +d(2)
1,0 1,1 x x
G () 1, &)= (= - NCL
1 2
dq (%2) + do (%)
1) 4 [ = ¢
(1,2) ) @\ (= @\ (=
Gl (I) B;l) ﬁél) 92( 1 ) (372) _92( 2 ) <,’L‘2>
afz) ()" L
&) = 0, & V@) =o,
1) 4 [ m §
(1,2) 1 — P2 _ k2 €T
G2 (.T) 51) (1) qz (fIfQ) + q2 (x2> 9

a(2)" +d

Ty ﬁQ
Z2
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) = o
(1) (1)

By -\ P2
G @) = pz_dl (E) e (I)ﬁm
i (2)" e (2)”
=) 0 8) [y
(1) (1) o -
dy (?)ﬁQ

+q2

1

+ P2,
z By 1
(1)

(2) (2) (2)
1 2 2
GPI () = by h($> b<x> +b($>
To xT9 To

GPV) = 1, GPV(z) =1,
(2) (2) (2)

o = () ()] (2
i) X9 X2

A.9 Proof of Lemma 6
By (23) and (27), it holds that

-1

K Y11(z1) _ 1 1 a1Dixy — Ky — prasDaxy + pa Ko
"\ () - gM a1Dizy — prazDoxy ’
-1
K <721(!E2)> _ ( 1 1 ) (azDz - Kz)
Yo2(2) %2) 52) agDawo

Thus, (28) is equivalent to

1 1 M0 1 1\ "' fo1Dyay — K1 — prosDaay + pakKo
%1) él) 0 )\BLU 51) 551) ayD1x1 — prasDaz,

I ly 1 1\ " (asDyws — K> proeDoxo — pa Ko
llﬁf) lgﬂém %2) éz) agDaxo praeDoxo

Each side can be transformed as follows.

1 —aA 4 s A
(1) (1

_ Y
SOA () A

x [(alpl — praaDa) G) — (K1 = poK) <é)]

(1 - 551)) (a1D1 — pragDs) oy +»3§1)(K1 —P2K2)>\ W ( 1 >
— 1
1 1 (1)
o i

(1 - El)) (a1D1 — prao Do) 1 + 551)(1(1 —p2K2) o) /1
) FRErS (o)

LHS
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RHS = _ b h l2 - 52) 1 a2Doxy — Ko\ (progDazs — pa Ko
BA _ g hAY 18 B -1 a2 Dyxs pragDoxy
(1 - 552)) s Doy + BV K ( 1 > ! <1 - ﬂiﬂ) az Dy + B Ky ( 1 )
(2 ) =l @)
FRErC R

2
_ (p1a2D2x2 - p2K2)

l

praeDaxo

A.10 Proof of Proposition 7
It is straightforward to verify
N @) =" @), V@) =w"@), V@) =w"@)

since they are in a form of o; D;z — K;. We need to check terms appearing in Wl(l)(x), Wl(Q) (x)
and W2(2) (x),

wl(@) = aDiFMY (@) - K68 (@) + aeDo FP Y (2) — K6 ()

o o
X T
= (OllDll‘l — Kl) a1 ( ) + aso < > )
X1 I

(1) (1)
1

T T\ 2
—f—O(ng Bl ( ) —|—B2 ( ) +p1$
I I

W1(2)(x) = alDlFl(l’Q)(:c) — KngM)(a:) + a2D2F1(2’2) (x) — Kgng’Z)(x)

X
= —q(aDyr1 — Ky) | las (x) + lzayq
2

@ o @ o
x x x x
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to prove Vi(n)(x) = Wi(n)(x). By (23) and (27), the LHS are
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In the proof of Proposition 6. we know that
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which is further rewritten by Lemma 6 as
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Similarly, one can show that
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Since W is regular, (53) and (54) are proved as desired.
We consider the smooth pasting conditions. By (53) we see that
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One can show the same results for other Wi(n) in a parallel way.
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