Research Paper Series

No. 57

Dynamic Asset Allocation under Stochastic Interest Rate

and Market Price of Risk

Keiichi Tanaka

December 2008

Graduate School of Social Sciences, Tokyo Metropolitan University



Dynamic Asset Allocation under Stochastic Interest Rate
and Market Price of Risk

Keiichi Tanaka

Graduate School of Social Sciences, Tokyo Metropolitan University
E-mail: tanaka-keiichiQtmu.ac.jp

December 31, 2008

Abstract

This article investigates an optimal allocation problem of assets under Gaussian
state variables consisting of the risk-free rate and the multi dimensional market price
of risk. The optimal portfolio consisting of a bond and several stocks is derived. The
idea is that the indirect utility as a solution of a partial differential equation is
expressed as a zero-coupon bond price in a different economy having a quadratic
Gaussian short rate by the Feynman-Kac formula, then the bond price is obtained
with an exponentially quadratic state-price density process which is closely related
to some of quadratic term structure models.

Key words: optimal portfolio, quadratic Gaussian interest rate model

1 Introduction

We investigate an optimal allocation problem of assets under Gaussian state variables
consisting of the risk-free rate and the multi dimensional market price of risk. It is
well known that the indirect utility can be expressed as a zero-coupon bond price in a
different economy having a short rate. The difficulty is that a square of the market price
of risk appears in the short rate. Therefore, the problem is naturally related to quadratic
term structure models (QTSMs). Our contribution is to overcome the optimal allocation
problem with an exponentially quadratic state-price density process and several findings
on QTSMs. This technique is worth discussing in a paper since it will be useful in related
analysis.

Among many interest rate models in the literature, affine term structure models
(ATSMs) have been widely discussed from theoretical, empirical and practical points
of view. The Vasicek model [14] is the simplest ATSM but it has a drawback that
the risk-free rate becomes negative with positive probability. The CIR model [6] is a
popular model yielding positive interest rates in the class of ATSMs. On the other hand,
QTSMs have received less attention than ATSMs due to the nonlinearity. Nevertheless,
the quadratic form easily leads to positive interest rates, and as a result, the study of
QTSMs has progressed gradually. Several specific models in QTSMs are investigated in
Longstaff [8], Beaglehole and Tenny [2][3], Constantinides [5] and others.



All assets are priced by the state-price density process in a complete market. The
state-price density processes in QTSMs have special features in the functional form.
Rogers [13] discusses several term structure models with a focus on positive interest rates
via the potential approach. As an example he derives a QTSM by a state-price density
process given in an exponentially quadratic form of state variables. In the SAINTS model
of Constantinides [5], the state-price density process is also an exponentially quadratic
function of the state variables. Ahn et al. [1] characterizes QTSMs with three assump-
tions; (a) the state variables follow a multi-dimensional Ornstein-Uhlenbeck process, (b)
the risk-free rate is a quadratic function of the state variables, and (c¢) the market prices
of risk are affine functions of the state variables. In the analysis it is shown that the
SAINTS model is a special form of the QT'SMs and a special form of CIR model belongs
to QTSMs. Pelsser [12] obtains a zero-coupon bond price under a setting of a squared-
Gaussian risk-free rate by solving a system of ordinary differential equations. Although
the market price of risk is not mentioned in the paper, we find that Pelsser’s model is
implied by a state-price density which is an exponentially quadratic function of the state
variables, similar to Constantinides [5]. Thus, both of Constantinides [5] and Pelsser [12]
are built with exponentially quadratic state-price density processes.

An optimal portfolio problem of Merton [9] has been studied extensively and extended
in several directions. Recently, Liu [7] analyzes the bond portfolio problem under a
QTSM. Chiarella et al. [4] study investment strategies under inflation risk. Munk [10]
studies the problem under habit formation. Seminal papers close to our analysis are
Wachter [15] and Munk et al. [11]. Both papers analyze the optimal portfolio consisting
of a stock and a money market account under a setting of a mean-reverting market price
of stock market risk and Gaussian risk-free rate. Therefore, quadratic functions of the
market price of risk are observed in the indirect utility and the optimal consumption-
wealth ratio. Due to the single dimensionality, the derivation is relatively straightforward.

We extend Wachter [15] and Munk et al. [11] to a case including a bond and several
stocks and derive the optimal allocation. Our idea is that the indirect utility as a solution
of a partial differential equation (PDE) is expressed as a zero-coupon bond price in a
different economy having a quadratic Gaussian short rate via the Feynman-Kac formula,
then we obtain the bond price with an exponentially quadratic state-price density process
which is closely related to Constantinides [5] and Pelsser [12].

This article is organized as follows. In Section 2 we describe the model setup and
obtain the optimal allocation with unknown function to be solved. Section 3 is devoted
to solve the function by making use of the Feynman-Kac formula and techniques related
to quadratic Gaussian model. Then the optimal allocation is shown as a function of the
market prices of risk only. Section 4 concludes this paper.

2 Setup

Let z(t) denote the N-dimensional standard Brownian motion on a probability space
(Q,F, P) where P is an objective measure. There are one risk-free asset B(t) and N
risky assets S(t) = (S1(t),---,Sn(t))". Si(t) is a bond price with maturity U > T. r(t)
is the risk-free rate and \(t) = (A(t),--- ,An(t))" is called the vector of the market



price of risk. These security prices obey the stochastic differential equations (SDEs)

dB(t) = r(t)B(t)dt,
dS(t) = diaglS()]n(r(t) Ly + os()TAW)dt + diag[S()]wos(t) d=(t), (1)

where o5(t) € RV*N is an invertible deterministic matrix, and 15 = (1,---,1)7. We
denote by diag[z]y or diag[z;]ny an N x N-diagonal matrix with the element x; of an N-
dimensional vector x = {z;} on the diagonal. Furthermore, [1m;;]5xm is meant to be an
nxm matrix with elements of m;;. We assume that r(¢) and A(t) are Ornstein-Uhlenbeck
processes

dr(t) = ap(b. —r(t))dt + o, dz(t),
dN(t) = ax(by — A(t))dt + o) dz(t),

where a,, b, € R are constants, o,, by € RY are constant vectors, and ay, oy € RV are
constant matrices, given by

oy az 0 O --- O cp 0 O --- O
0 0 ao 0 --- 0 0 oo 0O --- O
oy = 0 . ay = 0 0 a3 --- O , U;\—: 0 0 o3 0
0 0O 0 0 --- an O 0 0 - oy

Due to the form of (1), r(¢) and A(t) jointly describes the structure of the asset prices.
Thus, by getting together them, we call the state variables the (/N +1)-dimensional vector

X(t) = (Xo(t), X1(t),- -, Xn(®)" = (r(t), A1) ") "

Obviously the state variables X satisfy a SDE

dX(t) = ax(bx — X(t))dt + oxdz(t), (2)
where
a 0 0 O 0 o 0 0 0
0 ag 0 O 0 ocr 0 O 0
0 0 ay O 0 T 0 o2 O 0
ax=10 0 0 ag 0 [» 9X= [ 0 0 o3 0
o 0 o0 0 - an 0O 0 0 - on

Note that r(t) and A\ () are correlated though other pairs of the state variables are inde-
pendent. As notations throughout the paper, elements of (N + 1)-dimensional matrices
and vectors are indexed with r,1,2,--- , N rather than 1,2,--- , N, N + 1 so as to make
it easier to figure out the effects of r(¢) and \;(¢t) (i =1,2,--- ,N).

At each time, the investor allocates wealth W (t) between the risk-free asset and the
risky assets. Let a(t) denote the vector of the allocation ratio to the risky securities.



The investor faces the maximization problem of the expected utility from the terminal
wealth

7 1 -
o e ®
s.t. dVVVV((tt)) - (r(t) + a(t)TaS(t)U(t)) dt + a(t)Tog(t) T dz(t).

Throughout the paper we assume that

/7>17 O-i#ov (i:1727”‘7N)7

1—7 1—7 2 a%
a- >0, a,# o1+ a; — o) ——, (4)
Y Y Y
1— V1—v+~2 ,
a; > 770'1‘4‘ P;Y 7 |Ui|7 (Z = 1725"' aN) (5)

Let J(w,z,t) denote the indirect utility associated with (3) when W (t) = w, X (t) =
= (r,A\")". Then the Hamilton-Jacobi-Bellman (HJB) equation is given by
1
= max [Jt + (7“ + @Ta:gr)\) Jpw + —aTGEGSawawQ
{a(®)} 2
1
+a'odoxJpew + (ax(bx — )" Jp + §tr (a}oXJm)} , (6)
1
J(w,z,T) = P —
-
where the function J with the subscript of a variable means the partial derivative with
respect to the variable, and the variables are suppressed to save space. The first order
condition
ag)\wa + agasa*waMQ + UEUXJwIw =0

implies the optimal allocation

BB D 07 A) + as(0) o

—Jwz(w, x,t)

*(t) = _ .
o’ (t) Wy (W, T, 1)

(7)

—Jw(w,x,t)
wJww (W,x,t) os

portfolio while the second term og(t) " 'ox
folio for the risk of the state variables.

For further investigation, we conjecture that the indirect utility function is in the
form of

The first term (t)~1A(t) is called the myopic portfolio or the mean-variance

— Jwa (w,z,t)
wJww (W,x,t)

is the intertemporal hedging port-

1
J(w, z,t) = e ——w!' TV F(x, )7
L=y
with some function F' satisfying F'(z,T) = 1 for all . Then the optimal allocation (7)
is reduced to

1 1—7

a’(t) = ;Us(t)_l)\(t) + Fo(z, 1)

F(z,t)

os(t) lox

(8)

It follows that we need to know the function F, /F in the intertemporal hedging portfolio
in order to characterize the optimal allocation more explicitly.



3 Optimal allocation

By plugging (8) into the HJB equation (6), we obtain a PDE for F

-7
~y

5 1 .
_(_1_7_%# A)F—O, (9)

-
1 1
F + <ax(bx —x)+ 0;)\> F, + §tr <G)T(UXFM)

F(z,T) = 1.

In order to solve the PDE (9), we can apply the Feynman-Kac formula by following
Chiarella et al. [4]. The Feynman-Kac formula tells us that the solution, if it exists, of
the partial differential equation (9) is given by

F(z,t) = EQ [exp (— /t ' R(Y(u))du) ‘Y(t) - x} : (10)

where Q is a reference pricing measure equipped with an N-dimensional standard Brow-
nian motion 2%, Y is an (N + 1)-dimensional vector of the state variables

Y(t)=@Y @), Y0, @) eR, AV(t) eRY,

whose SDE is implied by the coefficients of F) and Fj, in (9) as

AY (t) = (ay(by — Y (£))dt + oy d2O(t), (11)
1-— _
ay = aX_T’Y(ON-&-l? oy ), by =ay'axbx, oy =ox,
where Oy41 = (0,---,0) " is the (N 4 1)-dimensional zero vector, ( On41, oy ) is the

(N + 1) x (N + 1) matrix stacked with Oy, and oy, and R is given by a quadratic
function of the state variable
0

ROV (1) = 72 =V (1) -

1
5ky(t)T>\Y(t)v (12)

implied by the coefficient of F' in (9). Note that the reference measure Q is different

from the so-called risk-neutral measure. ) should be understood to be the martingale
measure with respect to a numéraire

B(t) = exp ( /0 t R(Y(u))du) .

Therefore, (10) is the zero-coupon bond price when a pair (Q, R) of martingale measure
and risk-free rate is given. The risk-free rate (12) is a quadratic form of the state vector
Y which is an (/V 4 1)-dimensional Ornstein-Uhlenbeck process under a reference pricing
measure @ as shown in (11). Such an interest rate model is studied by Pelsser [12] who
obtains bond prices by solving differential equations. In what follows, we calculate (10)
by making use of the state-price density process studied by Rogers [13]. Although (11)
does not involve the market prices of risk explicitly, we can derive them by assuming



an exponentially quadratic state-price density process if the drift term of the state-price
density process is consistent with (12) as discussed in Rogers [13].

Suppose, in a different and fictitious economy, the vector Y (¢) of (11) is the state
vector and a process

L)
= 50) 1)

is the state-price density in a reference objective measure P, where the function f is
given by

£(t)

f(x) =exp (%xTKx + LTx>

with some (N + 1) x (N + 1) symmetric matrix K and (N + 1)-dimensional vector L.
Therefore, such a measure P is defined by

a1 (14)
dQ  £(t)B(t)
It follows that the zero-coupon bond price is obtained as
o1 BO 1y ol = 52 [4D) |y =
B 5r) ‘Y(t)—x =57 |55 ‘Y(t)—x . (15)

Since the left hand side of (15) includes an integral of R which is a quadratic form of
Y, the expectation is not easy to obtain. On the other hand, the right hand side of
(15) is an expectation of £(7") that is an exponentially quadratic function of Y (7). The
expectation may be straightforward because of the normality of Y. This point is the
reason for the introduction of the measure P.

First, we shall identify the state-price density £ such that (15) is consistent with (12).
In other words, we calculate K and L such that (12) is the risk-free rate implied by the
state-price density € in (13). By Ito’s formula we know that the SDE for £(t) under Q is

%t)) = pe(t)dt + (oy (L + KY(2))" dz9(t), (16)
where
he(t) = %(L + KY () Tovoy (L + KY(t) + %tr (ovKoT) (17)

+(ay (by =Y (1)) (L + KY (1) - B,

which is a quadratic function of Y(¢). By Girsanov theorem for (14) and (16), the process

Py = Q) + /t oy (L + KY (u))du
0

is a Brownian motion under P. Therefore, the state-price density obeys under P

T = () = v (L4 KYO)) ov(L+ KY()) e+ (o (L + KY () d:T ()



Then the coefficient of the drift term of the state-price density under the reference ob-
jective measure P should be equal to the minus of the risk-free rate times £(t),

pe(t) = (ov (L+ KY (1)) oy (L+ KY (1)) = —R(Y (1)), (18)

By replacing Y (¢) in (18) with z = (r*,(A*)")T, we have an equation for z from (17)
and (18) as

0 = %(L-FKx)To';Uy(L—i-Kx) + %tr (UyKO';> + (ay(by o $))T(L+K£19)
- ﬁ - (O'Y(L + Kx))T Uy(L -+ K:U) + % _ T %()\z)T)\x

If (19) holds for all x with some K, L, 3, it follows that R given by (12) is actually a
risk-free rate associated with £. Namely, matrices K, L and a constant § must satisfy

000 -~ 0
oo
KTa;ayK—l—Qa;K:—; 00 1 - 0, (20)
000 -~ 1

—L"oyoyK — LTay + byay K = (1,0,--- ,0),

1 1 1)
_§LT0}T/0yL + §tr (achr;) + b;a}T/L — B+ j = 0.

In addition to the above conditions, we need to impose conditions
a; +kio? >0 foralli=1,2,--- N (21)

to make a matrix positive definite in the following analysis. By a tedious calculation it
is found that the solution for (20) exists' and is given by

0 0 0 0
0 k& O 0
K = 0 0 ko 0 , (22)
0 0 0 kn
1—y 1- 2 o2
—a; + — o + <az - TU’> -5
ki - P} ) (Z - 17 ?N)? (23)
9

However, this solution doesn’t satisfy the condition (21). Thus, we disregard this solution.



L (lrvlla 7ZN)T5 (24)
o1 (ko + =) + krarby
r a, 1= R 3 U% )
o) 2
k;a;b;
l% = ¢ ) (Z = 27 : aN)a
(o= t20) 4
a; — ~—o0;) — =+
v ¥
1 1 N N
_ 2 2 2
B = -5 +ol) -5 Z_; (oili)* + 5 Z_;ka
al 5
byl bil; + ——.
+ bl + ; 1

The k; in (23) are real numbers due to the assumption (5) and satisfy a; + k;o? > 0 for

all 4.
Once the state-price density price is identified, the SDE of the state vector Y (t) under

P becomes
dY (t) = ay (by — Y (t))dt + oy dzF (1),

where ay = ay + U;O’yK and ZLyBy =ayby — U;UyL. We observe that the matrix ay
is diagonalizable to A = U~ 'ay U by a matrix U, where

a 0 0 0
0 a1+k10% 0 0
A = 0 0 ag + keos - 0 :
0 0 0 aN—i-kNUJQV
1 — 0 - 0
o 1 0 - 0
v - 0o 1. 0f .. koo
. : — : ’ a1+k‘10%—ar
o 0 o0 --- 1

The denominator of ¢ is not zero due to the assumption (4).
Define 7 =T —t, D(z) = (1 — e %7)/z, Ky = ar, K; = a; + kjo?, and

(I)T = eXp(—AT),

—-1_T T -1
[visl(vr1yx(v+1) = U loyoy (U ) :
M; = [vi;D(k; + Hj)](N+1)X(N+1) .

Ahn et al. [1] show that the increment Y (T') — Y(¢) is normally distributed with the
mean vector u, and the covariance matrix V. such that

pr = UAN Y Iy — @)U tayby + USUTY (1), V,=UM,U'.



TX

It follows that the mean is pu; = por + p1,Y (t), where d(z) = e™ ™%,

)
(1 —d(k1)) <b1 - 7%;1&?;?1)
por = | (Q—dle)) (b - 25) |, (25)
(1= d(rn) (by — =)
d(ky) e(d(ry) —d(k1)) 0 - 0
0 d(k1) 0 -0
fir = 0 0 d(ka) - 0 7 (26)
0 0 0 d(ry)

and

aflr +o,01l,  ork1071 oro1l, + a%ll
B b = a1 + ]{710’2
1

b = ﬂ—ﬂmﬂ(@—

ap ar
Urdllr-i-dfll

1—n(d(k,) —d b - ——
+ (1 —n(d(kr) (m)))<1 o + o

are — kio10,
al + kla%

The covariance matrix V; is given by

my — 2emy; +e°my myp —emy 0 - 0
m’l"l _gml ml O e O
V. = 0 0 mg --- 0 ,
0 0 0 my
where
m, = (o, +e01)?D(2a,),
my1r = Ul(UT + 80’1)D(a7~ +ai + kldf),

mi = oD+ ko?), (=12 N).

Since m; > 0 for all i = r,1,2,--- , N and the function D satisfies D(z)D(y) > D (T/TJFZ”)2
for z,y > 0, it holds that

detV; = (m,mq — m?l)mg ~empy >0,

thanks to (5) and (21). Hence, all of the eigen values of the symmetric matrix V, are
positive and V.. is positive definite.

For the calculation of an expectation of an exponentially quadratic function of a
normal distribution, the next lemma is useful.



Lemma 1. If an n-dimensional random variable y is normally distributed with mean p
and the covariance matriz 3, then it holds that

1 T —-1/2
E [exp <§y—ray + bTy>] = (det (In _»d —|—2a ))

1 TN 1
X exp (5 (u+3b)" <E _yoto Z) (e +%b) — —MTE_l,u>

2
for any b € R", a € R™" such that a symmetric matriz ¥~ — %(a +a') is positive
definite.

We need to confirm the positive definiteness of V! —1(K + K ") = V.1 — K for the
application of the above lemma. Since the matrix is given by

m1 _ _Mmypi1—emy O . 0
mrm1—mzl mrm1—mzl
_mm::l__amé mr—2amg+€2m1 —k 0 R 0
1 11— MMy =My 1
VT — K = 0 0 m2 — k*2 e 0 ,
-1
0 0 0 ooomy —ky
; ; -1 _ my N  1—kim;
we observe that the determinant is det (VT - K ) = —M_J[.., —™ and the
mymi—ms:, = m;

trace of the first block diagonal matrix is positive

2
mi __mpi—emy mq | 1+ (8 — %)
tr 771,«'rnl—mf1 mrm1—mzl 1 + 1-— klml >0
_ _ 2 - .
o my1 _Em% My 2€mr_1+a mi kl mymy — m72"1 my
mymi—msi, mymi—m;,

Then for the positive definiteness of V7! — K it is enough to show that 1 — k;m; > 0
forall i = 1,2,--- ,N. When k; < 0, then 1 — k;m; > 1 because of 1 — k,m; = 1 —
kio?D(2(a; + k;0?)) and (21). When k; > 0 it holds that

2a; + ]{in’Z-z k‘iO’izd(Q(ai + ]{710'12))

1—kim; =
i 2((11' + kldg) 2(@1' + kzdg)
- 2a; + km?
2(a; + kio?)
2 2
ai+1_770i+\/<ai—1_770i) —%
- 2(a; + kio?)
217, 4 7\/1—]“2]0“ - ‘1;—701
>
2(&1' + k‘ZO',LQ)
> 0,

by (5) and (21) regardless of the sign of o;. It follows that V7! — K is positive def-
inite as desired. The determinant of Iyi; — V7K is given by det (Iy41 — V- K) =
(1 —kymq)--- (1 — kympy) > 0.

10



With these preliminary calculations we can obtain the zero-coupon bond price (15)

5 [£(T) B T (3Y(T)"KY(T)+ LY (T)) .
B [ £(1) ’ Y= x] = BY e exp 2(%Y(t)TKY(t) + LTY(t)) ‘ Yit) =
= (det (Iny41 — %exp BT — Vo s
+ ; (e + V(L + K2))" He (pr + VT(L + Kx))),

with H, = V.71 (Inyq — VTK)_l. Namely, we reach to the solution of PDE as
F(z,t) = ((1—kimy)--- (1 —kymy)) /> (27)
X eXP(%xT ((VTK + pir) " Hy (Vo K + par) — MLVT_IM17> x
+EOML+MWFHAWK+MA—M&W*me
5o (VoK + pie) THA(VeL o+ o) = pl, Vi o )

1o
SHor Ve tor = 67)-

[\DII—‘[\D — N

(V L+ /“[’O’T) H’T(VTL + ,UOT) -

Therefore, the part of the intertemporal hedging portfolio in (8) is given by

- AT L K BT T T4 ),y 2
Pl (L + Kz) + Br(tor + p172) (28)
where
A, = (V;K + ) HV,; (29)
(k) 0 0 0
Ay ) gL
_ 0 0 hamatdlea) . 0 ,
0 0 0 oo Banartdleg)
1+d(k
Ap = e (d(ky) — d(x D+k——%i%mﬂ—ﬂm%
B, = (VTK+/“LIT)THT—/’L1TVT_ (30)
0 0 0 0
0 kit 0 0
_|o 0 kypigz) 0
0 0 0 e Ry Atdlen)

Finally, we obtain the following result from (8).

11



Theorem 1. The optimal portfolio is given by

o () = §os<t>—lx<t>

+—Log) ox [Ar (L + KX(t) + Br(uor + p1- X ()],

where X (t) = (r(t),\(t)")", 7 = T —t, the matrices K,L, A., B;, jior, i1+ are given by
(22), (24), (29), (30), (25) and (26), respectively.

Note that the optimal portfolio is linear in X and the intertemporal portfolio consists
of two portfolios; one is a (non-zero) fixed portfolio

L—v

US(t)_IGX [ATL + BT,UOT]

regardless of the state variables. Another one is a sensitive portfolio to the state variables

L= Tost) oy [A-K + Briuis] X (2).

The investor adjusts the intertemporal hedging portfolio according to the state variables
via the portfolio. However, a simple calculation shows

0
Y11 (t)
[A-K + Byuis ) X(8) = | 72h2(t) ||
YNAN()
where (14 k
v = M(l +d(ki)), (i=1,2,---,N),

1-— kzmz
which implies that the portfolio depends on the market prices of risk only and it is not
sensitive to the risk-free rate. The seeming independence on the risk-free rate may be
due to our setting (1).

4 Conclusion

We obtain the optimal portfolio with the Feynman-Kac formula and the exponentially
quadratic state-price density for a different fictitious economy. The portfolio is linear
in the state variables and is decomposed into three portfolios. The linearity will hold
under more general settings though further investigations will be required. There are
several directions of the extension of our analysis. The first one is to explore the cases
of correlated prices among security prices, the risk-free rate and the market prices of
risk. As the second one, the extension to more general affine type state variables will be
fruitful. The third one is to apply for the filtering of the unobserved market prices of
risk from the observed security prices. These agendas are left for future research.

12
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