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Abstract

In this paper, we consider the problem of allocating indivisible objects with
monetary transfers. We study secure implementation (Cason, Saijo, Sjostrom,
and Yamato, 2006; Saijo, Sjostrom, and Yamato, 2006) which signifies double
implementation in dominant strategy equilibria and Nash equilibria. We pro-
pose a new domain-richness condition—box-shapedness—and establish that
only constant social choice functions can be securely implemented on a box-

shaped domain.
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1 Introduction

We study the problem of allocating indivisible objects when monetary transfers are
possible. We assume that each agent consumes one and only one indivisible object.
These objects may represent house locations, jobs, or certain rights.! Each allocation
consists of an assignment of indivisible objects and a vector of monetary transfers.
A social choice function (or mechanism) is a function that associates one allocation
with each preference profile.

Since preferences are usually privately known, selfish agents may have an incen-
tive to manipulate the social choice function by misrepresenting these preferences.
As a result of such strategic manipulations, the outcome may be far from satisfac-
tory from the social point of view. Thus, it is important for a social choice function
to be immune from strategic manipulations. Such social choice functions are termed
strategy-proof since they insure that no one gains by reference misrepresentation.
Strategy-proofness is a primary requirement in the mechanism design. Much of the
literature referred to in our model states that strategy-proofness is consistent with
certain reasonable requirements.?

On the other hand, Saijo, Sjostrém, and Yamato (2006) argue theoretical draw-
backs of strategy-proof mechanisms. In particular, they point out that a majority of
strategy-proof mechanisms produce several Nash equilibrium outcomes thereby mak-
ing these mechanisms somewhat ineffective. In other words, the existence of “bad”
Nash equilibria prevents strategy-proof mechanisms from functioning well. The re-
sults of the experiments launched by Cason, Saijo, Sjostrom, and Yamato (2006)
support this idea. The results show that a strategy-proof mechanism with “bad”
Nash equilibria is inferior as compared with one that is free from “bad” Nash equi-
libria. Based on these facts, Cason, Saijo, Sjostrom, and Yamato (2006) and Saijo,
Sjostrom, and Yamato (2006) developed a new concept, namely, secure implementa-
tion. A social choice function is securely implementable if there exists a mechanism
that implements it through dominant strategy equilibria, and the set of dominant

strategy equilibrium outcomes coincides with the set of Nash equilibrium outcomes.?

'Basic models of economies with indivisible objects and monetary transfers were provided by
Svensson (1983) and Alkan, Demange, and Gale (1991).

ZHolmstrém (1979) shows that “Groves schemes” (Groves, 1973) are the only decision-efficient
and strategy-proof social choice functions. Miyagawa (2001) provides a characterization of strategy-
proof social choice functions satisfying auxiliary axioms such as individual rationality and non-
bossiness. Ohseto (2006) characterizes the class of strategy-proof and envy-free social choice func-
tions vis-a-vis homogeneous goods and money.

3In other words, secure implementation signifies double implementation in dominant strategy
equilibria and Nash equilibria. Fujinaka and Sakai (2006) present a study of Nash implementation



In this case, the secure mechanism does not suffer from any “bad” Nash equilibrium.

Our purpose is to characterize the class of securely implementable social choice
functions in our economies. Saijo, Sjostrom, and Yamato (2006) provide a char-
acterization that fits a general environment: a social choice function is securely
implementable if and only if it satisfies strategy-proofness and the rectangular prop-
erty.* We provide a new domain-richness condition, boz-shapedness, and show that
a social choice function satisfies strategy-proofness and the rectangular property in
a box-shaped domain if and only if the function is constant. Therefore, we can
conclude that in our economies only constant social choice functions can be securely
implemented. This implies that all non-trivial strategy-proof mechanisms always
have “bad” Nash equilibria and may prove to be ineffective.?

This paper is organized as follows: Section 2 defines the basic notions as well
as the concept of secure implementation. Section 3 provides the primary result.
Section 4 concludes the discussion. In the Appendix, we discuss the independence

of the two properties that we survey in this paper.

2 Model

2.1 Basic notion

Let I = {1,2,...,n} be a finite set of agents. There are finite types of indivisible
objects T'={1,2,..., s} and a divisible good which is called “money.” For each type
t € T, let oy > 1 be the integer number of type-t indivisible objects. We assume
that the total number of indivisible objects is at least as great as the number of
agents, i.e., >, ., oy > n. However, this assumption allows us to deal with the case
where the number of indivisible objects to be less than the number of agents. We
interpret that agents who is not assigned a “real” object instead receives a “null”
object. We assume that each agent consumes precisely one indivisible object and
an amount of money.

For each ¢« € I and each t € T, agent i’s valuation to a type-t object is given
by v;(t) € R. Let ) # V;(t) C R be a non-empty set of i’s valuation to ¢. Let v; =

in our economies.

4Mizukami and Wakayama (2006) provide an alternative characterization of secure implemen-
tation.

®Bochet and Sakai (2006) study secure implementation in allotment economies with single-
peaked preferences. They show that equal division is the unique symmetric and securely imple-
mentable social choice function.



(vi(t))er € RT be a vector of ¢’s valuations over types, and let V; = [],.p Vi(t) € RT
be the set of such vectors. If agent ¢ consumes a type-t object and his monetary

transfers is m; € R, then his quasi-linear utility is given by
u(t, mi;v;) = vi(t) + my.

Let v = (vy,v9,...,v,) be a profile of valuation vectors of agents. A domain is the
set of profiles of valuation vectors of agents and is denoted by V' = [[,.,;Vi. We
often denote I\ {¢} by “—¢,” and I \ {4,j} by “—ij.” With this notation, we have

/ _ / :
(Uia U—i) == (Uh ces Uim15 U5 Uiy - - - 7Un)7
/ / I !/ !/
(Uia Uj7v—ij) = (Ula <oy Vi1, Uy Vg1, - -+, U1, vjv Vjt1,y--- 7vn)~
An assignment vector is o = (01,09, ...,0,) € T! such that

{i€l:o;=1t} <ayforeachteT.S"

Given i € I, o; = t means that ¢ receives a type-t object. A monetary transfer vector
ism = (my,ma,...,m,) € RL. Note that we do not require any feasibility constraint
on monetary transfers. If we establish an impossibility result, this strengthens the
result. Given ¢ € I, let m; > 0 (resp. m; < 0) be the amount of money he is paid
(resp. pays). An allocation is a pair of an assignment vector and a monetary transfer
vector, x = (o, m). Let (;)ie; = (05, m;)ic;. Let X be the set of all allocations.

A social choice function on a domain V' is a function f: V' — X associating with

each profile of valuation vectors v € V' an allocation f(v) = (f;(v))ier € X.

2.2 Secure implementation

A social choice function is securely implementable if there exists a mechanism that
simultaneously implements the social choice function in dominant strategy equilib-
ria and Nash equilibria. In this paper, we would like to characterize the class of
secure implementable social choice functions in our economies. Saijo, Sjostrom, and
Yamato (2006) give a characterization of the class in the general model; a social
choice function is securely implementable if and only if it satisfies strategy-proofness

and the rectangular property.

6Given a set A, we denote the cardinality of A by |A|.



Strategy-proofness: For each v € V', each i € I, and each v, € V;, u(f;(v);v;) >
u( fi(vi, v_i); vi).

Rectangular property: For each v,v' € V if u(fi(vi,v",);v;) = u(fi(vi,v",);v;)
for each i € I, then f(v') = f(v).

3 Theorem

Before establishing our results, we introduce a new domain-richness condition. A
domain V' is boz-shaped if for each i € I, each t € T, and each v;(t),vi(t) € Vi(¢)
with v;(t) < vi(t), v (t) € Vi(t) for all v/ (t) € [v;(t),v(t)]. That is, if a domain V is
box-shaped, V;(t) takes the form of a certain interval for each i € N and each t € T.

In this paper, we restrict our attention to the box-shaped set of valuations.

Remark 1. Given t € T, if V;(t) = {0} for each i € I, i.e., no agent gain any
utility from the type-t object, then type-t objects can be interpreted as “null.” Our
study includes the case where some types are “null” objects, since the singleton is

an interval.

The next proposition characterizes the class of social choice functions satisfy-
ing strategy-proofness and the rectangular property. The result suggests that the
two property together imply constancy. Therefore, no non-constant social choice

function can be securely implementable.

Proposition. Suppose that V' is a box-shaped domain. Then, a social choice func-
tion f on V satisfies strategy-proofness and the rectangular property if and only if it

1s constant.

Proof. Since the “if” part is obvious, we only show the “only if ” part. Suppose that
V' is a box-shaped domain, and that a social choice function f satisfies strategy-
proofness and the rectangular property. In what follows, we will prove the following

three claims.

Claim 1. For each i € I, each v_; € V_;, and each v;,v, € V;, letting
fi(vi,v_;) = (45, m;) and f;(vl,v_;) = (o}, ml), if o; = o, then m; = m/:
Suppose, by contradiction, that there exist ¢ € N, v_; € V_;, and v;,v, € V; such
that o; = o} and m; # m}, where f;(v;,v_;) = (0;,m;) and f;(vl,v_;) = (o}, m}).
Without loss of generality, m; > m}. Then agent ¢ with the valuation vector v can

gain by announcing the false valuation v;. This contradicts strategy-proofness.



Claim 2. For each ¢ € I, and each v_; € V_;, fi(v;,v_;) = fi(vl,v_;
for each v;, v, € V;: Suppose, by contradiction, that there exist i € I, v_; € V_;,
and v}, v! € V; such that f;(v},v_;) # fi(v!,v_;).

By Claim 1, given the agents except for agent ¢ announce v_;, agent i’s con-
sumption bundle depends on the type of the indivisible object that he receives. Let
(t,m}) be his consumption bundle when he is assigned to type-t indivisible object.

Let
O;(v_;) = {t € T : Jv; € V; such that fi(v;,v_;) = (t,m})},

and fi(vgav—i) = (t/7mt,) and fi(vglav—i) = (t//7m§/l)‘ Since fi(vz{av—i) 7é fi(vglav—i%

(3

by Claim 1, ¢’ # t”. Strategy-proofness implies that

Vi(t') 4+ mt > vl(t) +ml for each t € O;(v_;),
V! (") +ml >l'(t) +ml for each t € O;(v_;). (1)

7

Without loss of generality, we assume that v}(t') +m! > /(") + m!". Then, (1)
implies that v}(¢') +m! > o/ (t") +mt > o/ (t') +m, that is, v)(t') > v/ (). Thus,
since V' is box-shaped, there exists v} € V; such that v} (t') +m! = v/ (t") + m!",
and v} (t) = v/ (t) for each t € T\ {t'}. Let f;(vi,v_;) = (t*,ml"). Strategy-proofness
implies that

vf (") +m! > wi(t) +m! for each t € O;(v_y). (2)

By (1) and the definition of v},

*

vi ) +ml = (t") +ml > () +ml (3)

)

Thus, (2) and (3) imply

*

Vi () +ml > (") +ml >l () +ml

7 i

Hence, by the definition of v}, we obtain v}(#') +m! = v (t") +ml = v (t*) +m! .

Case 1. t* =t': Consider (v},v_;), (v/,v_;) € V. Since
u(fi(vf v-i)yo)) = () +mi” = oi () +mi" = u(filvf, )i 0)),

and u(fj(vj,v!,v_i;);v5) = u(f;(v,v),v_;);v;) for each j € I\ {i}, by the rect-



angular property, f(vi,v_;) = f(v!,v_;). Since t* = t', this is a contradiction to
# £t
Case 2. t* # t': Consider (v},v_;), (vi,v_;) € V. Since
ulfi(vi, v-i)sof) = of () +mi =i (¢) +mi” = u(fi(v], v-i); 07),
and u(f; (v, v}, v_i;);v;) = u(fj(v;, v, v_i;);v;) for each j € I\{i}, by the rectangular
property, f(vi,v_;) = f(vi,v_;). This is a contradiction to t* # t'.

Claim 3. f(v) = f(v’) for each v,v’ € V: Let v,v’ € V. By Claim 2,
fi(vi,v",) = fi(v;,v";) for each i € I. Therefore, u(fi(v],v";);v;) = u(fi(vi,v";);v;)
for each i € I. By the rectangular property, we can conclude f(v) = f(v'). O

Remark 2. Our impossibility result relies on the domain to be box-shaped on which
social choice functions are required to satisfy strategy-proofness and the rectangular
property. In fact, unless the domain is box-shaped, there may exist a non-constant
social choice function satisfying the two properties. Consider the following example:
Let I ={1,2} and T' = {1,2}. For each i € I, let V;(2) = {0}. Let V1(1) =R\ {1}
and V5(1) = R. Let f be a social choice function such that for each v € V,

B ((1,0), (2,0)) if Ul(l) >1
flo) = {((2, 1),(1,—1)) otherwise.

Then, the social choice function f satisfies both strategy-proofness and the rectan-

gular property.

By Saijo, Sjostrom, and Yamato (2006) and our Proposition, we can obtain the

following theorem.

Theorem. Suppose that V' is a box-shaped domain. Then, a social choice function

f on V is securely implementable if and only if it is constant.

4 Conclusion

In this study, we applied the notion of secure implementation to the problem of
allocating indivisible objects with monetary transfers. We then established that
only constant social choice functions can be securely implemented in a box-shaped
domain. This negative result suggests that all non-trivial strategy-proof social choice

functions do not work well in our environment.



Appendix

We will check the independence of strategy-proofness and the rectangular property. In
what follows, we exhibit a social choice function that does not satisfy either strategy-
proofness or the rectangular property. For convenience, let f(v) = (fi(v))iesr =
(0:(v), m;(v));ser for each v € V.

Example 1 (Dropping strategy-proofness). Let f be a social choice function

such that o is constant, and for each v € V,

m;(v) = —nv_l | for each i # 1.

Then, the social choice function satisfies the rectangular property, but it does not

satisfy strategy-proofness.

Example 2 (Dropping the rectangular property). Let f be a social choice

function such that o is constant, and for each v € V,

mp(v) = vy.

Then, the social choice function satisfies strategy-proofness, but it does not satisfy

the rectangular property.
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